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1 Introduction

This thesis introduces both the theoretical foundations of Markov-Switching models and their practical
implementation in the newly developed R package MSARM. A systematic presentation of the underly-
ing theory is especially valuable given that Hamilton, who pioneered these models in his seminal 1989
paper ”A New Approach to the Economic Analysis of Nonstationary Time Series and the Business
Cycle”, presents derivations in a rather fragmented manner across several works, see Hamilton (1989,
1990, 1994), often with limited algebraic detail. The first part of this thesis therefore offers a concise
and accessible summary of Hamilton’s framework, tailored for undergraduate readers. Building on
this, the second part presents MSARM, which implements and generalizes Hamilton’s application of
the Expectation-Maximization (EM) algorithm to cover a broader class of AR model structures. To
the best of the author’s knowledge, this systematic extension and its practical implementation within
the R ecosystem are novel contributions. Compared to MSwM, a widely used alternative package
that relies on different estimation techniques and often fails in more generalized scenarios, MSARM
offers greater robustness, especially in those more generalized cases. This is demonstrated through

approximately 300 simulations comparing both packages.

2 Brief Remarks on Notation

We start with a short discussion of the notation utilized in this paper. The density function of a
continuous random variable ¥ will be denoted as fy(y), the conditional density function, based on
another random variable X will be denoted as fy|x (y|x). We want to emphasize that in this notation,
the subscript denotes the arguments of the density function, and the values in the parentheses denote
the point at which the density function is evaluated. Furthermore we define a generalized density
function for a vector of a discrete random variable S and a continuous random variable Y as fy s(y,s) =
fris(ls) - P(S = s). Last but not least it should be noted that we will denote a parameter vector
0 that influences the distribution of a random variable with a semicolon after the arguments in the
density function’s subscript. For probability functions, the parameter vector will also be denoted with
a subscript. For example, for a continuous random variable Y, we could write fy.o(y) or for a discrete

random variable S, Py(S = s). It should be noted that both could be seen as functions in 6.

3 Markov-Chains and Autoregressive Processes

3.1 Markov-Chains

With the general notation out of the way, we can start to build the foundation of Markov-Switching AR
models. For that, we start with Markov-Chains in general. Markov-Chains are stochastic processes
satisfying the so-called Markov property. More precisely, we consider a sequence of random variables

St,S;—1,... that can take values in the set {1,...,N}, and fulfill the property:

P(Si=jlSi-1=1,....81 =a1) =P(S; = j| $i-1 =1). M



This means that the next state is conditionally independent of all previous states given the current state.
The transition probabilities between the states of such a Markov-Chain are usually summarized in a

so-called transition matrix IT, where the ith row and jth column element of I1 is given by
(H)i,j =T ;= P(S, = _] ‘ S[_l = l)

Thereby (-); ; indicates the ith row and jth column element. Additionally, we want to point out that
we will denote the transpose of a matrix A as A’ throughout this thesis. Therefore, IT is defined such
that the rows indicate the previous state and the columns represent the state being transitioned into.
Furthermore, the sum of the row elements must equal 1. It has to be noted that we can represent
a Markov-Chain as a Vector-Autoregressive-Process (VAR). The following discussion of represent-
ing Markov-Chains as a VAR closely follows Hamilton (1994, page 678-680). Suppose we have an

underlying Markov-Chain S;,S;_1, ..., and the state space is {1,...,N}. We then define:
(

(1,0,...,0Y, ifS, =1

(0,1,...,0), ifS; =2
C[ = . 2

(0,0,..,1), ifS;=N

Thus for S, = i, {; equals the ith column of Iy. If S, = i, then the jth element of {;,; is a random

variable with P(({41); = 1|S; = i) = m; j. Thus

ECGuls=i)=]"]. 3)

TN
Furthermore, one should note that £ (&1 |S; =) is the ith column of IT". Knowing for S, =1, {; is equal
to the ith column of Iy it follows that E(&11|§) = IT';. Due to (1) it holds that E (&1 &, &—1,...) =

E(§11]&) = IT'E,, therefore we can write:

G1 =I1G +viprs where vy = Gt —E(G116, G150, @
(4) implicates that:
Grom = (I)" G4+ (U)W + oo + TV 1+ Vigm: ®)
This is due to the following derivation:
Gom =T m 1 +Vigm

- HI(H/CI-&-m—Z +Vitm—1 ) + Vitm

=1Ir (H,(H,CterfS + Vt+m72) + Vterfl) +Vitm

= ()" &+ ()" v+ oo + Vg1 + Vi



An m-period ahead forecast for a Markov-Chain can therefore be constructed in the following way:

E(Ct+m|€t,gt—lv-~) = (H/)mé’t' (6)

This holds because:

E(Ct+m|€ta€tfla"') :E(H,Ct+m—1 +vt+m|§,§r71,-~-)
=E(I1)"& + (H/)mflvwrl o+ Vit + Vel &, G, )
= (I)"E(G1G G1so) + ()" E(G —E(G1 ]G Gots )G G )+

+H,E(Ct+m71 _E(Cterfl |§t+mfZ» thmf3, )|Cta thlw”)
+E(Gm — E(Gm| Gm—15 Gpm—2, )Gty G—15 )
= ("G + ()" E(G1118: Gt ) = E(E (G116 G116 Gt )]+

+H,[E(Cz+m71|§7thla-n)*E(E(Ct+m71|€t+m727thm737-~-)|é:t,thla--o)]
+E<Ct+m‘€l7 Cl‘—l ) ) - E(E(Cl‘-‘rm‘CH—m—l ) Ct-l—m—Za )’Ctv Cl—] P )
= (H,)mCt-
We could now also condition on other random variables, like (¥;,Y,_1,...). We summarize these ran-

dom variables in a vector %;:

% =YY1,.), @)
the realisation of % will be denoted as:
Vi = (yt7yt—17"')‘ 3
Furthmore we define:
%ZT:(YHYI—l)"wY’L')u (9)
the realisation of %;.; will be denoted as:
yr:r:(YtaYt—17-~-7YT)~ (10)

Generally speaking, %7 will be the total time series of interest and yr the observed realization. If the
process is governed by regime S; = j at date ¢ then the conditional density of ¥; is assumed to be given
by fy,s, .2 . .0 (Vi|J,¥i—1). Thereby o is a vector of parameters characterizing the conditional density
function. Furthermore it is assumed that the conditional density depends only on the current regime

S; and not on past regimes, to be more precise it shall hold:

fY,|St70 ,,l;a(yt’shj;t—]) = fY,|S,7S,,1,...,@,,1;a(yt|St75t—1 sy V-1 ) 11)

Additionally, S;,, shall be conditonally independent of %} given S;, for m > 1, therefore it shall hold
that:
Po(Stm = JISi = i) = Po(Stm = J|S: = 1% = 5i)- (12)



One could now condition on this random vector %, given a parameter vector 6, which includes the
transition probabilities of the Markov-Chain, as well as the parameters of the distribution of ¥;, there-
fore 6 = (I1, ). It should be noted that IT has to be understood in this notation, as part of 6, as the
vector of transition probabilities, instead of the matrix of transition probabilities. Still, we believe that
this notation improves the readability and understanding of what 6 is compared to other notations. We

can now write:
PG(St = 1|@t 2)7;)

s . Po(S: =2|% =)
G =Eo(G|% =5,) = . (13)
Po(Si =N|% =)
We now want to estimate §; ., with §,+m|t = E¢(&+m|% = ¥,). From earlier we know that:

(EG(Cter|@t :)_;t))j = PG(Ster = ]|gt :)_;t)

N
=Y Po(Sttm=J,Si = il% =5)
i=1

I
™=

P9(St+m =j|Sz :ivgl:yl)Pe(Sl = i‘@t:?t)

—_

Il
™=

Il
_

Pe(Sz+m = j|Sz = i)Pe(Sz = l‘gfyt :)_;t)

(H/)m)j, ét\t'

—~

Applying this to all elements we end up with:

Eo(Gm|% =) = (1), (14)

compare Hamilton (1994, page 693). This property will be essential later, therefore it is important to

keep in mind that this indeed holds true.

3.2 Autoregressive (AR) Processes

Working with time series can be tricky, as one always deals with stochastic processes. The idea is the
following, if one observes a time series y7 = (yy,...,yr), then the observations are the realizations of
the random variables %7 = (Y1,...,Yr). These random variables, are connected to each other, since
they all stem from the same underlying stochastic process. The goal is now to estimate said stochastic
process. Before estimating the parameters of a process, it is necessary to decide which process to
assume as the underlying (or at least sufficiently similar) process. A rather often utilized process-

family are AR processes, an AR(m) has the form:

Yi=c4+ ¢ Y 1 +...+0uYim+Us; where U ~WN(0,67).
Thereby WN(0,62) denotes a zero-mean white noise process with variance 6. The white noise

distribution that is most often used is the normal distribution. Therefore

Yi=c4+¢ Y 1 +..+ 0V, m+Us; where U ~N(0,6%),



would qualify as an AR(m). This framework of an AR(m) with gaussian white noise will be the

foundation on which Markov-Switching AR models are built in the next section.

4 Markov-Switching Models (MSM)

4.1 Introduction to Markov-Switching Models

The basic idea of Markov-Switching models is that the stochastic process Yi,...,Yr is itself influ-
enced by another, underlying stochastic process, in this specific case by an underlying Markov-Chain.

Therefore, a Markov-Switching AR(1) could take the following form:
Y, =cy + Y1 +U; where U, "% N(0,62). (15)

We could alternatively write:

1 §
Y, = X;/Bs, +U, with X, = and f, = ¢ .
Y1 Os,

Here S, follows a first-order Markov-Chain and s, is the value of the Markov-Chain at time ¢. Further-
more, important assumptions are that (11) and (12) hold true, that there is a maximum lag order (in
this case 1) as well as that U, shall be conditionally independent of S;_1,S;_7, ... given S; and that S;,,
shall be conditionally independent of U;,U;_1, ... given S;, for all m > 1. To put it more formally, it
shall hold that:

foyisia(uelse) = fuys,s, 1o (]S si-1,-0), (16)
PG(Ster = St+m|St = Sz) = PG(Ster = St+m|Sz =s5,U =u, U1 = Mtfla"')' 17)

Additionally, a vector of the form of (7) would represent the vector of all observable variables until 7.

It has to be emphasized that the density of ¥; conditioned on S; = s; and %;_; = ¥, has the following

form:
. 1 — (v —cy,— ¢S,yt71)2
fY,|S¢,”,,1;a(yt|St,yt—l) = \/ﬁoeXp 202 (18)

Here we can also see that (11) is indeed true for Markov-Switching AR(m) models with gaussian
white noise, as long as earlier states of the Markov-Chain than the current state, s; don’t influence
the parameters that describe the generation of Y}, i.e the intercept, the coefficients and the error-term
variance. For this specific AR(1) o would consist of ¢y, ...,cx, 1, ..., oy and 6>. We summarize the
values of the conditional density functions for all potential states of the Markov-Chain in the following
vector:
fYt‘St:g/t—l;Ol(yt‘l7)_;t—l)
n = : (19)
Iv15,2% 10 VeI, ¥i—1)
Now that this model class has been introduced, we want to further investigate the question of optimal
inference regarding the states of the Markov-Chain, often called regimes. In the following sections,

the goal is to estimate the parameter vector 6 = (I, &) given %} = y.



4.2 Optimal Inference of the Regimes and Derivation of the Log-Likelihood

But before we follow this endeavour, we peak into a world where we assume that 6 is known. Given
6 we want to get inference regarding the regimes of the time series. We start by summarizing the

Po(S; = j|% =Y,) and Py(Si41 = j|% =Y,;) forall j=1,...,N, similarily to (13) in:

Py(S; = 11% =¥,) Py(Siv1 = 1% =)
Cf|l —= and §t+1|t — . (20)
Py(S; =N|% =5) Py(Si+1=N|% =3)

The claim Hamilton makes now is that the optimal inference can be derived by iterating over the

following equations:

s (ét\l—l ©n)

Gi=—5——, 21)
" o)
ét+1|t = H/ét\t' (22)

Where ® denotes element-by-element multiplication. In addition, the value of the Log-Likelihood

function for the vector of all observations yr at the point 0 is gained as a side product:

T

Z(0) =Y In(fy, 1z, ;0 (1]F-1)), 23)
t=1

Foizr o 0elFi-1) =V (G ome), (24)

see Hamilton (1994, page 692). That this is indeed true is shown in the Appendix, section 9.1. Based
on this system of two equations and a given 6 we start with a random é‘] lo and iterate over all t until we
reach T (T is the number of periods for which observations of the time series exist). This gives us the
regime probabilities conditionally on the data until t. Additionally we get the Log-Likelihood function,
which can be optimized in 6 to derive the Maximum Likelihood estimate of 6. It is important to note
that a direct optimization of .#(0) can be computationally expensive and often leads to suboptimal
results. Therefore, Hamilton introduced, in his paper ”Analysis of Time Series subject to Changes in
Regime” from 1990, an iterative optimization algorithm for .Z(0), which is an application of the EM
algorithm. Applying a specific variant of the EM algorithm to this optimization problem, instead of
more general optimization algorithms can lead to better and computationally less expensive results,
see Hamilton (1990, page 40-41). The details of this specific application of the EM algorithm for the
optimization of .Z(0) are shown throughout the following sections, this includes a derivation of an
algorithm developed by Kim (1994), which can improve some aspects of the application of the EM
algorithm as shown in Hamilton (1990). The derivation shown of the "Kim-Algorithm” is based on

Hamilton (1994, page 700-702).

4.3 Smoothed Inference over the Regimes

Before further investigating the optimization of the log-likelihood and the associated parameter esti-

mation, we want to first discuss how to get inference on Py (S;—1 = i|%4 = yr), as this will be essential



for the application of the aforementioned EM algorithm. Estimating Py(S,—; = i|%7 = yr) is often
called ”smoothed inference” for the regimes. To get this smoothed inference, we apply the algorithm
from Kim (1994). The proposition is that, assuming S; follows a first order Markov-Chain and that the
conditional density, fy,s, % ,.a(y/|j,Y;—1), depends only on §;,S; 1, ... through S, i.e. that (11) holds

true, an assumption we have already made throughout section 3.1, it shall hold that:

ét\T = €t|t © (H(ét+1\T(+)ét+l\t))v (25)

where (=) is the symbol for element-by-element division, see Hamilton (1994, page 694). To get the
values of Py(S,—1 = i|% =yr) forzin 1,...,T one starts with r = T — 1 and iterates backwards. The

derivation can be found in the Appendix, section 9.2.

4.4 Optimisation of the Conditional Log-Likelihood
4.4.1 General EM Algorithm Theory

We now turn to the EM algorithm. Assuming we observe ¥ = (yy,...,yr), a trick that is often utilized
is to optimize a density function of the form fy, v v .v:A(VT) o Ymt1[Yms--,y1) in A instead of
frr..vi:0(yr,...,y1) in 6. We have to optimize in A because if we choose such a conditional likelihood
function, then we have to make assumptions about how the initial states (¥,,,...,Y;) are distributed.
The simplest approach is to assume that they are seperately drawn from a distribution with the param-
eters p. Thereby p shall be unrelated of IT and o. The new parameter vector A is therefore defined
as A = (I, a,p). The conditional likelihood function is primarily chosen due to practical reasons.
Optimizing the likelihood function instead is often more challenging and yields next to no additional
gain. Choosing the conditional likelihood enables the application of the EM algorithm, as described by
Hamilton (1990), which estimates the parameters with relatively low computational demands, at least
compared to other numerical methods, see Hamilton (1990, page 40). Still it has to be emphasized
that the EM algorithm that Hamilton introduces only leads to a local maximum of the conditional like-
lihood function, as will be shown throughout this section. Generally speaking, this is not problematic,
as one can start the algorithm with several different values to see whether the results are robust. We

start by defining

P)L(Sm = Sm;Sm—1 = Sm—1,...,91 = S1|Y = Ym,-- 11 Z)H) = Psp,..rs15 (26)
and
P =(P11,.1:P1,1,.25s PNN,.N)- (27)

Thereby (26) is the vector of population probabilities, which are aggregated in (27). With this we can
now derive the general EM algorithm: We assume we know nothing about A and it should be chosen

such that the conditional likelihood

T i | B Or:mt-0)|Ym) = Frree Vs [ Ve VT 5 oo Yt 1 [ Y - 1) (28)



is maximized, the optimising A is called Ay g. Furthermore we define

= (Sr,87-1,-.,51), 29)
St = (S7,857-1,..,51), (30)
Z = (S, 815 St—my Y1, Yiem)s 3D
2= (StySt—1seeesSt—myVi—1y s Yi—m) s (32)

fg/T:m e .@m;l(yT: m+1 7§T’§m) :fYT,...7Ym+1,ST,.‘.7S1 Ym,...,Yl;l(yT7"‘7ym+]7sT7"‘7S1|yI’H7"‘7y1)7 (33)
(m+1)

N N
YP(s=5)=Y - Y P(Sr=sr,...51=s1), (34)

ET st=1 s1=1
fWJT:(mH)VJ/m;)L ()_;T:(erl) |)_;m) = ZfWJT:(mH),(V\”Jm;l (yT:(erl)aET Wm)v (35)

ST

and
O 5r (M1) = Y 0(far o 2Bt O 1) ST ) g, 17191000 O 1) 5T ) (36)
ST
Where we call Q;, 5, (4,41) the expected log-likelihood. With that remark we finish the necessary
notation, which is based on Hamilton (1990, page 42-44) and Hamilton (1990, page 46-47). Now we
want to show that the EM algorithm works. It is noteworthy that the EM algorithm can be seen from

two different perspectives.

1. il shall be the solution of the Ith optimization problem (of a sequence of optimization problems),
thereby the optimization problems are constructed in such a way that 5Ll+1 leads to a higher value
of the conditional likelihood function than il, the limit of the As leads to a local maximum of

the conditional likelihood function: llim ;ll = iMLE, see Hamilton (1990, page 47).
—00

2. Alternatively, one could say that if we were to observe . directly i.e. know §7, then the first

order condition (FOC) characterizing Aiie (57) would be:

IM(fur,,. . 71%02 O (m41):57(m))

. =0.
A ’)L:)LMLE (57)

However, this set of conditions, one for each possible realization of ., can be weighted by the
probability of actually observing this particular §7. These probabilities are obtained through
inference about . at the given step of the EM algorithm, i.e., P; (- = 57|%7 = yr). The sum
over all weighted conditions for a given A, characterizes the EM algorithm’s update choice for

i[.;,.] , see Hamilton (1990, page 47).

First we want to discuss the EM algorithm as a sequence of optimization problems. 2, is the result of
the Ith optimization problem, and we start with a random 2o for the first optimization problem. We
choose il—«—l such that Qiz 5 (A14+1) is maximized. We remember:

05, 5, (Mis1) = Y (5 7 B ()_;T:(m-&-l)7§T|ym))ng:<m+l)|%;il 7 (me41)[Ym)-

ST



Therefore 114-1 fulfills:

aln(f%:(mﬂ)-,y\@m;llﬂ(YT:(m-i—l),ETWm)) .
dAs1 A fﬂ/ )| D A,(y m+1)’ym>:0- 37

A=A

St
It holds that th 1 1s associated with an higher value of the conditional likelihood function than il

ie. f@’r;<m+1)l??’m;;lz+1 r:(m+1) [ Ym) = f@r;@m)\%ﬁz (¥7:(m+1)[Ym)- In the following, we closely follow the

derivation in Hamilton (1990, page 48-49). Per construction iH | maximizes Q}l, . (A41), thus:
03,5, (i) > Q3 5 (A); equalit Ay =4y

We also note that Vx € R™ : In(x) < (x— 1). This is because we can show that h(x) = x — 1 —In(x) has

aminimum at x = 1 and /(1) = 0. The first order condition is given by:

1
Hx)=1—-=0
(W=1--
Sx=1.

That this is indeed a minimum can be shown by checking the second derivative at the point x = 1:

W'(1)=—=>0,

thus 4(x) has a minimum at the point x = 1 and Vx € R™ : In(x) < (x— 1) is therefore a true statement.

We can apply this now and show:

0<0j 5 (hir1) =0y, 5, ()

= Zln f% 1) | Do (r (m+1) 5T|ym))f3/T (i) | Py (r- (m+1)5 ST )

St

—Zln f”»’/r mtl) ,/\%/ll(yT (m+1) ST|ym))fyT(m+1 R )L,(y (m+l)7§T‘5;m)

St

f%:(mﬂ)-,y‘%n;ilﬂ (yT:(m+l)7sT|ym)

:Zln

= T A _’: E’T_’
S s 719030 T 157 ) Sty 1902y T s(m1)55T )

f%;(m+1)7y\%1;;1/+1 ()’T:(m—H)aST b’m)

< f%:(ln+l)7y|@m;i] (S;T:(mqtl)v;TB;m)

s f%:(mﬂ),f’\%n;;ll(yTi(m‘H)’ST’ym)

= Z’(f%:(m+l)7y‘%;il+l (YT(er]),ETb_;m) o fng:(m#»l)vylg/m;il (?T:(m—&-])aET ‘S;m))
ST

-

:f@/T yr (m+l| ) f@/T (mt1) (yT:(1n+1)‘ym)-

(mt1)| D l1+1(

With that we have shown that the algorithm indeed leads to an increase of the conditional likelihood
function with each step. Now we want to show that if iz+1 = i,, then the first order condition for

maximizing fa, 2. 2 7 (ms1) V) is fulfilled by 4 = 2. This is the case because if:

aQihyT (A‘lJrl)
41

)'l+1:il N



Then:

9 S| P2 (1) | Fim)

. =0

oA ‘/1:7% ’

this holds true because:

aQilyT (A’l+l Z 1 af%:(,wrl),y‘@m;lpr] (yT:(m-‘,-l)aE'T‘ym)
41 M= o \ Sy 7 B 7 (m+1)557[Ym) i

: ﬁf7/r;(,n+1)7=5”|0’/m§il (yT:(m+l) ST Wm)

_ Z afiﬂ/r:(mﬂ)rwamizﬂ (yTi(m+1)’§T|ym)
A4

M=

. af?Z/T:(m+,)|@m;l,+l (}_}‘Ti(m—‘rl) |5;m)
041

Mp1=My .

With that in mind, we proceed to consider the second perspective. One could say that the EM algo-
rithm replaces the unobserved scores with their conditional expectation. Assuming we know 57, then

iMLE (57) is characterized by the first-order condition:

In(fu. ... 71%:a Fr:(m+1):57(m)) ‘
oA A=ALe (57)

=0.

Even so we have no data regarding . we still have inference regarding .7, at least for the Ith step,

based on i, and %1 = yr. We can formulate:

= |=

f@T:(m+l)7'y|@m;ﬁfl (HT(m+l) ) ST ‘ym)

P, (S =5r|% =yr) =
A (= =
! f%:(mﬂ)l%;l/( T:(m+1) |Ym)
For all possible values of .%, which amounts to N7 possibilities, there exists such a first-order condi-

tion. If one weights all these FOCs with the probability P; (. = 57|%r = yr) then we choose A such
that:

=0

—

fOJT;(m+1)|%;jt[ (yT:(m-H) |)_;m)

Z aln f% (1) % l(yT (m+1) ST’)’m)) ' f%<m+1>7<5”|??/m;iz ()_;T:(m-&-l)?;ﬂ)_;m)
& oA
St

! aQi,,yT (1)
f%:(rn+1)|@m§iz (yTi(m-&-l)b_;m) oA

aQ()HilvyT) .
dAr N

-

=0

=
This again is the characterizing condition for i]+1 in the first perspective!

4.4.2 Application of the EM Algorithm to Markov-Switching AR Models

The next essential step in the theoretical exposition is to demonstrate the application of the EM al-
gorithm to models of the type we are using, that is, models with an underlying Markov-Chain and a

dependence on a maximum lag order. Hamilton states that, when using the EM algorithm to maximize

10
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the conditional log-likelihood, one obtains three equations to iterate over, see Hamilton (1990, page

51). The equations given by Hamilton are:

" ZtT:m—H Py, (Si—1 =1i|% =5r)

) (38)

dIn(fy, 7.0 (ilzr))
805 =041

'P]LI(S[:St,.-.7S[_m:Sl_m’%:S;T):0, (39)

pz(nlzfl,)tl :Pll(Sm:lmvaSI :ll‘%:yT) (40)

We show that these equations are indeed true in the Appendix, section 9.3. Given this exposition one
can apply the EM algorithm to a very broad class of models, even broader than just Markov-Switching
AR models, but to actually estimate a specific model, one has to specify the assumed process in more
detail. Hamilton (1990) shows only one potential setup for Markov-Switching AR models, we will
call this setup "Example 0” throughout this paper. Deriving the results for Example O will be the
subject of the next section. After this is done we will show 5 more examples, establishing broader AR
setups, until the theory for estimating any potential Markov-Switching AR model has been shown.
Thereby, Example 1 to Example 3 are specific examples that are introduced to improve the readability

of the general cases, Example 4 and Example 5.

4.4.3 Example 0: Switching Coefficients and Intercept, Non-Switching ¢

Here we assume that the underlying process is given by a Markov-Switching AR(m), which fulfills all
assumptions formulated in section 4.1, the only difference is that the assumed underlying AR process

now has the following form.
Yo =5+ 915 Y1+ ot Oy Yiom + U, where U, "% N(0,62). @1)

We could alternatively write:

1 ¢,

) .

le = X[/BS[ + Ul with Xt = o and BS[ = (Pl"
Yiom ¢m,s,

The following derivation closely follows Hamilton (1990, page 56-58). First, we see that:

f ( | ) 1 - (yl x;ﬁS; )2
. = €X
Y,‘Z,,OC yt Zt \/2771/'0 p 262

It is important to note that x;, denotes the vector of realizations for X;. Then it holds that:

Infyalila)) | P e
= o , 42)
dB;

0, otherwise

11



In(fyizalilz)  0® (v —xB,)’
oo 2 2 .

(43) 1s indeed true, because:

et () () ()

1
=1In(1) —ln(\/ﬁﬁ) - 5()’: —X;B&)ZT

1 1
= —In(v2m) —In(0) — (3 — W)’

-2 1
= —ln(\/ﬁ) —In ((;2) ) - 5()’1 _X;Bs[)zg.

And thus:

QU
it
=
L —
Sl
S
Q
v &
—| O
=~
SN—
<
[y}
9=
=
N
—_
Il
N
Q ‘ —_
(3]
~~_
BII—
VY
N =
N
—
~~_
I\)\lv)
~—
p—
Ve
=
=
=z
SN—

We insert these results into (39), which leads to:

Lo (o _xlﬁ(lﬂ))xt
Y P8 = 1% =) =0, (44)
t=m+1 cy(l-«—l)

and

r /P (S: = 511% = 51) — x\/Po, (St = 1% = yr) BV )2 45
ZZ =) -®

(44) is true because (42) can be understood as a function of S;, we could write
/ .
A0 (fy 70 (la1)) Gl
114t :g(St): 0_2 ) t J ,
dB; /

0, otherwise

thus we can write:

r NN N 81n fY,\Z, (yt’Zt))
Z Z Z ) ‘ (,H)P)Ll(st:Snm;St—m:St—m|%:)’T):O
t=m+ls=ls_1=1  s_m=1 B; a=a
T N N N
== Z Z Z Z gj(sl‘)Pll(Sl:Slv-"?Sl‘—m:sl‘—m‘%:yT):O
t=m+1s=1s5_1=1 St—m=
T N N N
And Z Zgj(st) Z Z P),](St_sta sSt—m = St-m|%r = 1) =0
t=m+1s,=1 s—1=1 St—m=1

12



And (45) is true because:

T N N o2 (yr — X! (1+1))2
I+1 t t o
Y Yoo Y | S | B = s S = sl = 51) =0
t=m+1s,=1 S—m=1
T N (o2 (y _X/B(Hl))z
I+1 t t
DD Py (Si = 5:|% =Fr) =0
t=m+1s,=1 2 2
-y B
And Z ZPM(SIZSZ|%:yT Z Z—Pl,(stzst|%:§T)
t=m+1s,=1 t=m+1s,=1
2 rpI+1)y2
O(141 LN (v —xBs ) .
G (T-m-= Y Y ST Py (S, = % = 1)
2 t=m+1s,=1 2
T N Y (I4+1)y2
Yt — X Ps, )
2 —
S0 = P, (St = 5|7 = yr)
+D t:;-lstzz"l (T —m) !
) T N (yi/Py (S, =51 =31) — /Py, (S, = 1% =yr) By )?
<:>G(l+]): Z Z (T—m) .
t=m+1s,=1

Conveniently we can estimate in this specific case all parameters via an OLS Regression. Let us
assume we have the parameter vector from the previous iteration A; (to start the algorithm one starts

with a random Ag), we first define:

v =[P (S = 1% =5r) and 3 =5\ [Py (S, = 1% = 7).

Then we regress y; onx;. Thus Y./, (i —x/*3;)? should be minimized, which leads to the following

FOC that characterises [3 ; (D),

X200 - 6B -1 =0

& )’t\/PA, (S = j|%r =¥r) xz\/Pz, (S = jl%r —yr)ﬁ xz\/PM S =jl% =3yr)=0

t

:m
T
& Y 0r—xB by (S = 1% =5r) =0.
t=m+1

Which is equivalent to conditon (44). This is now done N times to estimate ﬁll+1 sy ,E,l B

squaring and summing the residuals we get our estimate of ¢

T

1 N
2 _ l+1) 2
O+ = (T_m>j§. L0 ).

t=m+

Summarizing one can say, that we achieve our estimate for the f3; of the next iteration by solving the

following optimization problem:
T
arg min Z (vi —x*B))*. (46)
J t=m+1
And then calculate our estimate of the 62 of the next iteration with:

1

T
Y OF—(x)B)* (47)

1t=m+1

Q

[\S)

I
MZ

]
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Therefore, we have now a specific algorithm for estimating the parameters of a Markov-Switching
AR model, where all coefficients switch and the error term variance does not switch. This is the
case presented in Hamilton (1990, page 56-58). Sadly Hamilton does not show how to apply the EM
algorithm to broader structures of AR models, therefore the following examples are the application
of the EM algorithm to broader defined AR processes. To the best of the authors knowledge this

presentation of applying the EM algorithm to broader defined specific AR processes is novel.

4.4.4 Example 1: Non-Switching Intercept

From the previous derivations, we know that the equations (38), (39), and (40) hold. The five appli-
cations of the EM algorithm that we now specifically present are within the class of models for which
these three equations were originally derived, i.e. an autoregressive process with a maximum lag or-
der. As opposed to Example 0 we vary the parameters influenced by the underlying Markov-Chain.
It is important to emphasize that all models presented are still Markov-Switching AR(m) models with
gaussian white noise that fulfill the assumptions made in section 4.1, i.e that fulfill (11), (12), (16)
and (17). Assumption (11) is fulfilled because the parameters that describe the generation of Y; are
only directly influenced by the current state of the Markov-Chain s; and not by earlier states of the

Markov-Chain s;_1,s;_»,..., as described in 4.1.

With that general short discussion out of the way we now turn to Example 1. This time we assume that
the coefficients switch, while the intercept and the error term variance do not switch. The assumed

process therefore has the following form:
Vi =c+¢ sYi—1+ ..+ ¢m,s,Yt—m +U;; where U o N(O, 62)-

We could alternatively write:

c

Y1 o1,

Y ¢2 8 ¢1,5t
Yf =c +Xt/¢5t + Ul with Xt = 2 9 ¢S1 = ’S’ and B-Vt = ¢2,St

Y m ¢m.s, ¢m’s1

We start again with the conditional log-likelihood, which has the following form:

1 )_ (yt_c_x;¢sf)2
V2ro 202 '

Now we approach this very similar to how we approached Example 0, we take the derivative in ¢,

In( fy,z:a(ye|z:)) = In(

only that now there is a switching and a non-switching part in 8, we have to take the derivative in

each. It holds that:

IIn(fy,z:a(ilz) (i —c—xdy)
Je = 62 \V/S[ S {1,,N}

14



We substitute our result in (39):

L—. N ()’z—CIH —XI‘P(,IH)) -
Z Z Z ( ; Ak P/l,(St:Sm---’Stfm:Stfm’g/T:)’T):0
t=mrls=1 s p=1 O(1+1)

N (=g — 6ol ) ﬁ
& ¥ Y (S =% =51) =0
t=m+15=1 O41)
L O (I+1)
& Y Y —cuiny =X P(Si =% =5r) =0
t=m+1s,=1
L al (1+1)
g Z Z()’t_x;q)s, )PA,(St—St|@T—yT Z ZCHI P/l,(St—St|g/T—yT)
t=m+1s,=1 t=m+1s;=1
4 al (I+1)
A Z Z()’z X ¢, )Py, (St = 5:| %7 = yr) = (T —m)cpy)
t=m+1s,=
1 S 7 (141
S C(141) T —m) Y Y Gixios )P (S = |2 =)
t=m+1s,=1
The last result:
(I+1)
= T Z Z —x00 By, (5= 19 =51) (48)

t=m+1 j=

can be understood as a constraint. Next, we take the derivative in ¢;:

aln(fYt‘Zt;a(yl|Zl)) _ (v —c —x§¢j)xt
8¢j N o? ’

if §; = j, else O.
We insert in (39):

N 9 ln(fY,\Z,;oc(yt‘Zf))

T N
I e

/(4D

P/ll(Sz—Sn Stfm:Stfm|gT:5;T):O

t . -
Py, (St =jl%r =¥r)=0

& Y Or—curny—x6 Py (S, = 1% =r) =0.

This is equivalent to the FOC of the following optimization problem:

T 2
argmin Y (=) /Py (S = 1% =) [P (S = 1% =T)e) - @)

Jot=m+1

Finally, it remains to differentiate with respect to ¢2. In this special case, the differentiation proceeds

exactly as in Hamilton’s example, since 62 still does not switch. Thus, we have:

1 T N
2 _ (I+1)\2
) = T ,:;' 1;(% —crny =X ) Py (S = j|%r =Vr).

It thus becomes apparent that 6> does not affect the conditions for ¢ and ¢ ;» while these in turn do
influence the condition for 6. Accordingly, as in Hamilton’s example, one can first solve for B;
before determining 6. However, what changed is that finding 8 ; 1s no longer a simple optimization

step, since two conditions must now be satisfied simultaneously—namely, those for ¢; and c. It turns

15



out that simultaneously satisfying both conditions is equivalent to optimizing expression (49) subject

to the constraint given by (48). We therefore need to solve the following optimisation problem for f3;:

T 2
argmin Y (= €)\/ P (S = 1% =Fr) X\ [Py (S = 19 =F1)95) s

9; t=m+1
T N

xz‘PJ P)L, Si = j|%r =r).

t=m+ :

Now we can use this f3;, similarly to how we know it from Hamilton and get:

1 T N
2 ! 2 . -
0" =__——= (Ve —ec—x,0;)°Py, (S: = j|%r = ).
(T—M),:ZU; R
This concludes our o vector for the next iteration.

4.4.5 Example 2: Switching Intercept and Non-Switching Coefficients

This time, we reverse the roles; instead of letting the coefficients switch, now only the intercept

switches. Therefore, the assumed process would have the following form:
Y, =y + 0¥+t uYiom+ U where U, "% N(0,62),

we could alternatively write:

Y, ¢ o
-1 1

t (Pl
/ . Yt—2 q}l

Yt = CS, +Xt¢ +Ut with Xt = ’ ¢S¢ = and ﬁst = ¢2
Yi—m ¢m

Om

In this case, we differentiate with respect to ¢, c;, and o?. Tt is important to note that the error term

variance still does not switch. For this setup, we can write:

1 ) (i —¢5, —x,0)?
202 '

ln(fmz,;a()’t‘zt)) = In(
First we differentiate with respect to ¢ and get:

aln(fKIZ,;a()’t|Zt)) _ (Ve — ¢, —x19)x;
20 N o2

Vst S {1,,N}
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We insert in (39), this leads us to:

~

M=

— C§f+1) _xlq)(l—l—l))xt

No(y
Z 2 d P)L,(St:Sta-'-aStfm:stfm‘gT:yT):O
Sem=1 o+

I
3
*
&
(X

(v — Y — gDy

i)

t —
Py, (S = 5% =yr) =0

)
M=

N
—
&
Il
—_

=™ — x9N Py (S, = 5, = Fr) =0

M=

s

¢
DM~ 3D~ 3D~ 3DS 3D~
M=

N
—
&
Il
—_

T N
=Py (S =52 =5r) = ¥ Y 2oV Py (S = 5% = 1)

t 1s,=1 t=m+1s=1
N (I+1) L N
= Z e —cs, )%y (e = 5| P =yr) = Z Z Py, (S = s:|%r :?T)xtx;(b(lﬂ)
t 1s=1 t=m+1s,=1
al (1+1) 4 N
< Z(yt—cst )erAI(St:SJgT:yT): Z ZPA,(St:St‘@T:yT)XtX; ¢(l+l)
t=m+1s,=1 t=m+1s,=1

T ooy
(:}q)(m):( y xpd) Y Y =Py, (S = 5,1 %5 = Fr).

t=m+1 t=m+1s,=1

Next we differentiate with respect to c;:

dln ) zZ —ci—x
(fY,\Z,,Ot(yt‘ 1) _ (r j oy i£S, = j. else 0.

. 2
dc;j o

Similarily we insert the result in (39):

i dIn(fy,z:.a(i|z))

aC' ‘a_a(lJrl)Pll(St — Sta"'astfm = S,,m|% :)_;T) =0
j =

t=m+1s,=1 S—m=1

=)™ 5o Y)

J

— Py (S; = 1% =5r) =0

t=m+1 (I+1)
T
s Y = xo Py (S, = 1% =) = 0.
t=m+1

It should be noted that the last equation is the FOC of the following optimization problem:

T 2
argmin . (50 —x10)\/Py (S, = 190 =5r) —ep\[Pu(Si = /1% =51)) . 60

c
7 t=m+1

For 62, the same condition applies as already formulated by Hamilton, because 62 again does not
switch. Thus, we are in a very similar situation as in the previous example, because the conditions
resulting from the derivative with respect to c;, as well as the condition resulting from the derivative
with respect to ¢, must be satisfied simultaneously and affect the condition for 62, whereas 6 does
not affect the former conditions. Therefore, one can first satisfy the first two conditions for all j in
order to obtain f3; for all j, and then determine o2 for the next iteration. Furthermore, it follows again

that f3;, for a given j, can be found by solving an optimization problem with an equality constraint. In
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order to obtain f3;, the following optimization problem must be solved:

2
argmin Z( X0/ Py (S, = 1% =Tr) — e[ Po (S, = 1% =Tr)) st

ot=m+1

T L r N

0= Z x,xf Z Z sz/l, St = j|%r = yr).

t=m+1 t=m+1 j=1

As usual we compute:
5 1 T N )
o' = m—n L X 0i—c—x0,) Py (S = j1%r =),
(T_M)t:m+1j:1

and with that we get out o vector for the next iteration.

4.4.6 Example 3: All Parameters Switch

As a third example, we now consider the case in which all parameters are allowed to switch. That is,
we now allow not only the coefficients and the intercept to switch, but also the variance of the error
term. It is important to note that in setups discussed earlier one could have made stronger assumptions,
namely it would have been easier to assume in Example O to Example 2, that S; was independent of U;
for all t and 7. Instead we made the weaker assumptions (16) and (17) so that we can now introduce
models where the error term variance is allowed to switch, that wouldn’t have been possible with
the stronger set of assumptions. That is the reason why all derivations earlier were done with this
weaker set of assumptions. That said, we want to point out that we still make the same assumptions
as in section 4.1, this is possible due to the weaker set of assumptions, a stronger set of assumptions
wouldn’t allow for models like Example 3 and Example 5. Additionally, it should be noted that, in
terms of notation, we now again include a 1 as the first element of X; to represent the intercept. This

leads to the following process formulation:
Yt = Cs, + ¢1,s,Yt—l + ...+ ¢m,s,Yt—m +U;; where U ~ N(O, 652,)7

we could alternatively write:

1 Cs,
Y P15,
Y, =X/Bs, +U, with X,=1[vV_, and By, = | ¢,
Yt—m ¢m,st

As usual we start with the conditional log-likelihood:

1 ) (y,—xt[is,)z
V2ro, 202

We now need to take the derivative once with respect to 8; and once with respect to GJZ for a given j.

ln(fY,\Z,;(x(ytkt)) = In(

If we first take the derivative with respect to f3;, we obtain:

81n(fmz,;a(y,|z,)) (s —x;ﬁj)xt . .
= 3 if S; = J, else O.
8[3j Gj
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We now substitute this into (39) and obtain:

N an(fmzl ()ﬁ‘ﬁ)‘

T N
o .
:g SZ:"..Sf;l aﬁ} a=o+D) PAZ(S ""’St*m:‘gt*m|%:yT):O
/3 (D),
g Z Gt—PA,( % =5r)=0.
t=m+1 J.(I+1)

We again observe that this corresponds to the FOC of an optimization problem, namely the following

optimization problem:

2
T
Y
argmin ) \/PA, (S: = j|%r =yr) _7\/13/1[ (S: = j|%r =r)B;
ﬁl t=m+1

Next we take the derivative with respect to Gj—z and get:

In(fyizalila)) 07 (=3B
002 2 2
j
We substitute the result into (39), this leads to:

T N N dIn(fyz:a ()’t‘Zt))

LX)

if §; = j, else 0.

)P/l,(St =Sty Stem = Sl—m’% :yT) =0

‘a:(x(""l

t=m+1s;=1 St—m=1 G]
T (Sa  i—xB)
(141 t t
e ¥ | - Psi= 9 =5r) =0
t=m+1

& Z 2 i) — 0= xBTS, = 125 =51) =0

t=m+1
S o (I+1)y2
= Z Gj,(l+])P7L1(St = j|%r =5yr) = Z (yf—x;Bj )Py, (St = j|%r =)
t=m+1 t=m+1
T T
. - I+1 . -
Sl ¥ PuSi=i%r ==Y (ui—xBl"V)P, (s = j1% =5r)
t=m+1 t=m+1
T _ /ﬁ(”‘l) 2p. (S — il —
2 Yimmet Or =X i )7y, (St = j|%r =)
& O = -

T . =

Yi—m1 Py (S: = j|%r =3r)

As a result, since 0; now affects the condition for B; and vice versa, we once again arrive at a con-
strained optimization problem, which leads to o of the next iteration. The constrained optimization

problem is given by:

2
Lo : X ) =
argmln Z \/P/l, J|@T:yT)—;\/P;L](S,:]\@T:yT)ﬁj s.t.
Bi t=m+1 J

Zt m+1( xtﬁ])zpll(st = ]|Q/T —yT)
Zt:m+1P7L,(St:J‘@T:yT> '

4.4.7 Example 4: Arbitrary Subset-Switching of (c,¢) and Non-Switching o

The three previous examples are essentially special cases of the two model formulations that follow.
Therefore, the next two examples represent the most general forms of Markov-Switching AR(m) mod-

els that will appear in this paper. The model class introduced next assumes that > does not switch,
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and that an arbitrary subset of 8 is allowed to switch. Accordingly, we divide the parameter vector
B into the switching components, denoted by 85, and the non-switching components, denoted by 87 .

The underlying process is therefore formulated as follows:

1

Y
Y, = (X,F)’ﬁF—I—(XtS)’ﬁSSt—I—U,; where U, I'M'N(O,Gz) and X, = | Y_,
Yt*’n

Thereby X/ and X° are defined such that their elements do not overlap and that the elements of both
vectors together are the elements of X;, to put it more formally: Let I”, 15 C {1,...,m+ 1} be disjoint
index sets such that I N 15 =@ and I" UIS = {1,...,m+ 1}, where m+ 1 is the number of coefficients

plus intercept. Then we define

X =(X)dier, X7 =((X)i)iers-
Again we start with the conditional log-likelihood:

1 - (e — () By, — () BF)?
V2no 2072 '

Accordingly, for this model class, we need to take the derivative with respect to 62, 83, and BF. We

ln(fmzr;a(y,\z,)) = In(

will start with 7

B / S_ F\'QF
Ifizalite)) _ 0= VB - GEBE

B} o2

We can now substitute this into (39) and obtain:

dIn(fy,z,:0(Velz))
aﬁf ‘a:a(lﬂ

)PAZ(Sz =Sty Stem = St—m|% :§T> =0

t=m+1s,=1 S—m=1
T
S Y 0= W) B gyry = O Bl )X P (S = j| % = 5r) = 0.
t=m+1

This, in turn, corresponds to the FOC of the following optimization problem:

T
argmin )’ ((yr—(xf)/ﬁF)\/PA,(Sr:jl%:fT)—(xtS)’\/PA,(St:J"%:yT)BJ'S)2‘

Bj t=m+1

Next, if we take the derivative with respect to B, we obtain:

dln o\ Ve |2t ,—xf’f—xf’Fxf
(fxazEF(ylz)):(y ( >B62( )'B") Vs € (1N,
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We substitute this into (39) and obtain:

(v — (x;‘g),ﬁi(prl) - (xf)'ﬁ(z_l))xf

PXI(SI :sl‘v"'vst*m :st7m|g/T :)—;T) :0

t=m+1s,=1 Si—m=1 c7(21—',-1)
4 y S S F\/
/
< Z Z (v — (x7) ﬁs,,(l—i—l) — () ﬁ(1+1))xt Py (St =s:|%r =¥r) =0
t=m+1s;=1
T N s
S Y Y 0= ) BY )X P (S = si| P =) = Z Z Bliiyxt Pi,(Si = s:| % =r)
t=m+1s,=1 t=m+1s,=1
4 A S S F 4 F F
!/ = !/
And Z Z e = (x) ﬁs,7(1+1))xt Py, (St =% =3r) = Z (x) ﬁ(z+1)x§P
t=m+1s,=1 t=m+1
T N P P
I
< Z Z e —(x7) ﬁs,_y(l-‘,—]))xt P/l,(St = 5:|%r = yr) Z xt xt 1+1
t=m+1s,=1 t=m+1
T N s
= Z Z(y (xt)ﬁ (1) )xz P)L,(St—st‘%—YT Z XF l+1
t=m+1s,=1 t=m+1

<:>B(I;+1):< Z xf(xf)’) ( Z Z Hl))fo,ll(S,:sA%:)_fT)).

t=m+1 t=m+1s,=1

For this generalized model class, where arbitrary parameters can switch except for the error term
variance, which can not switch, we thus obtain the following constrained optimization problem to

determine B/ and ﬁjs for all j.

agmin Y (00— () B") Pa = 19 —37) - () [Pul5, = 1% = 70)85) s

ﬁjs t=m+1

F_( Y xf(f)/) ( y Z — (x5 BJ XFPAI(S¢J|@T)’T)>

t=m+1 t=m+1 j=

We then calculate, as usual:

T N
= (T—M) _Z Z’ xtBJ ZP)LZ(Sz —]|% —yT)

and thus obtain our new « vector for the next iteration.

4.4.8 Example 5: Arbitrary Subset-Switching of (c,¢) and Switching ¢

With Example 5, we complete the generalization of the application of the EM algorithm to under-
lying AR(m) models, as Example 4 and Example 5 together allow for selecting any arbitrary subset
of parameters in an AR(m) context for switching. In this final example, we assume the following

underlying process:

1
Y1

_ F\'nF S\ RS . _
Y, =(X)B +(Xt)ﬁs,+Uf’ where U; ~ (Osz,) and X;= | ¥,

Yiom
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Thereby, X/ and X3 are defined such that their elements do not overlap and that the elements of both
vectors together are the elements of X;, to put it more formally: Let I7, 15 C {1,...,m+ 1} be disjoint
index sets such that I N 15 =@ and I" UIS = {1,...,m+ 1}, where m+ 1 is the number of coefficients

plus intercept. Then we define
XzF = ((X)i)ierr th = ((X0)i)iess-

Again, we start with the conditional log-liklihood, which would be in this case:

1 (ye — () BS — (xf ) BF)?
In(fy,z:a(3|z)) =1n Vo, | 20?2 '

Accordingly, we need to take the derivative with respect to sz, jS and BY. We begin with the

derivative with respect to 8.

In(fyiziaile)) _ e ()} — @ )VB ) _joelse0
B} B o? T

J

We now substitute this into (39) and obtain:

ZT: i\’: ﬁ’:_ dIn(fy,z:0(Vlz))

S
t=m+1s=1 St—m=1 aﬁj

T (v —( z)/BjS,(IH) - (sz)/ﬁ(I;H))x}gPA (S, = 1% =51) =0
A A - -

)Pll(sz =Sty Stem = St—m|% :yT) =0

‘(x:(x(l*l

2
O +1)

This, in turn, corresponds to the FOC of the following optimization problem:

- Py, (S = jl%r =5r) Py, (S: = j|% =5r)
argmin (ye— () BY) vhy : — () Vo, :
B} t=m+1 Oj Oj

B}

We now move on to the next step and take the derivative with respect to 87, obtaining:

d a2t t— tS, 57 ’F, " f
ln(fy,azl,g,o;(y ) O (x)ﬁrcz R Y
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We then substitute this into (39) and obtain:

(v — (xf),ﬁsf,(zﬂ) - (xf)lﬁ(ﬁl))xf

PXI(SI :sl‘y"'vst*m :st7m|g/T :)—;T) :0

t:m+ls,:] Stf;n:l 63217(l+1)
TNy — (X}S)IBSS (+1) ~ (xf)/ﬁi 1 )xf
N Z Z 1 +2) (I+1) P)L,(Stzst’%:)_;T):O
t=m+1s,=1 o 1, (I+1)
L. P, (S St\%—)’T) L Y P, (S = 5| %7 =)
A Z Z (e — ()’ By, (1+1)) : 2 Z Z (xf)’ﬁ(ﬁl)x, : 2
t=m+1s=1 c;s,,(lJrl) t=m+1s=1 Gs,,(lJrl)
L X P)L( Sl‘%—yT) ! N P, (S = s|%r =yr)
g Z Z (v — (xt) 55 l+1)) : 2 = Z 1+1 :
1=+l =1 05, (1+1) 1=t 1 =1 65,7(l+1)
I N PA( St‘%—)’T r St—st‘%—yT)
<~ Z Z (v — (x,) ﬁs 1+1)) l 5 Z xf(xt l+1) Z
1=t s=1 05, (1+1) 1=t o, L(1+1)
L P)L( = si|% =5r) T N Py, (S = s:|%r =5r)
Py Z )Y = 2 5 — B
t=m+1s,=1 GS, (I+1) t=m+1 si=1 c7s,,(l+1)
r P, (St = % =¥r) 4 Py, (Si = s:|%r =5r)
e ) Z z+1))x : P =| X &G Z : P Bl
t=m+1s=1 s, (1+1) t=m+1 si=1 se,(I+1)
~1
T N s,|% ¥r) Py, (S: = s:|% = yr)
F 1
< By = Y Z Z Z 1+1))’°JE o2
t=m-+1 =1 (1+1) t=m+1s,=1 se,(1+1)

As a third step, we now take the derivative with respect to Gj—z and obtain:

8ln(fmz,;a()’t‘zt)) sz (e — (xigﬂajs —(xf)'B")? ) )
— = 7— > if Sy = jelse 0.
an

We now substitute this into (39) and obtain:

T N N dIn(fy,z:a(vilz))
Z 86.72 ‘O{ al+1

l,(Sz =Sty St—m :St7m|% :yT) =0

t=m+1s,=1 si—m=1 J
r (o2 e = () B3 ) — ) By
- J,(2l+1) _ ! 17(l+12) LD P (S:=jl%r =yr)=0
t=m+1
Lo, a SV RS
. . , . -
A Z 0 upnyPa (S0 = j|%r =5r) = Z e = () Bj g1y — (xf)ﬁlﬂ )? P, (S = j|%r = ¥r)
t=m+1 t=m+1
) r L F 2
. . , . "
S0l Y PS=i% ==Y =By — () Bl P (S = 1% =)
t=m+1 t=m+1

ZtT:m-‘rl (v — (x;g), ‘,‘5:5, - ('xtp) B(H]))ZP)LI (S: = jI%r =5r)
ZtT:m-l-lpll(Sf :]|% :yT) .

We can now combine these three results into a single optimization problem, which leads us to the next

2 _
= 0 41) =

a. This is necessary because, once again, all three conditions must be satisfied simultaneously and

cannot be implemented sequentially, as each of the three variables plays a role in the different condi-
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tions. We thus obtain another constrained optimization problem, but this time under two constraints:

2
o VP, (S = jI% =5r) VP, (S: = j1% =5r)
argmin Y| =GB = () Bl | st
i t=m+1 J J
-1
T N Py, (St = jl%r =yr) Py, (St = j|%r = ¥r)
F I
B" = Z X (xf) Z o2 Z Z ~(x ﬁ] P
t=m+1 j=1 j t=m+1 j= J

o Y1 00— (7) B = (6 ) BT )Py, (S: = j| % = Ir)
' Y lmi1 Py (st = j1% =37) ‘
4.5 Forecasting with Markov-Switching Models

Next, we would like to turn to the topic of forecasts using Markov-Switching models. We recall that
the conditional density is given by fy,s, (] J:¥—1). If we now have y; and s;4.1, we could, for a

simple AR(1) model, state:
Yip1 = Csppy + ¢St+1Yl + U1,

where we have Eq(Y;11[Si+1 = j,% =¥;) = ¢j + ¢;y;. Furthermore, we can show the following for

an m-step ahead forecast:

Eo(ianl% =5)= [ Stsmbuisio Oreml50) i

N
= /yt—l-m <Z fl/,+m,S,+mQ/T;6(yt+m7j|)_;l)> dyt+m
Jj=1

N
= /yt+m <Z fY,H|S,+m,%;(x(yt+m|j75;t)P9 (St+m = ]’@t :§1)> dyiim

j_

= ZPG Stvm = j|% = )’t)/yz+me,+m\S,+,,,,?y,;a(Yz+m|j»§z)de+m
=

2

Z St+1n —J’@ yt)Ea Yt-&-m’St—&-m _.]7@1:)_/})

One could thus say that the forecasts for y,,, correspond to a weighted average of the expected values
given the regime, with the regime probabilities as the weights. To summarize this notation, we can say
that we collect the Eq (Y,4m|S+m = J,% = ;) in hy, so that we can write Eg (Y% = ¥;) = h{€t+m‘t,
this derivation closely followed Hamilton (1994, page 694-695).

4.6 Regime Forecasting with Markov-Switching Models

The probability that the Markov-Chain will be in a particular state in the future can be considered as

Eg(&+m|% =5;). Based on (14), this is given by:

Eg(Grim| % = Y1) = (IV)"Eg (&|% =1), (51)
or alternatively:
ét+m|t = (H/)métlt‘ (52)
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5 MSwM - The current R standard

Due to the practical relevance of Markov-Switching AR models there are already existing packages
for estimating them in R. Thereby the package MSwM? is one of the most popular packages. Gen-
erally speaking, MSwM should be the first package one finds when searching for R packages re-
garding Markov-Switching AR models and is often discussed in blog posts online, see for example
Lee (2022). One of the advantages of this package is that it allows for specifying which parameters
should switch and which should not, via a simple TRUE/FALSE vector. Furthermore, the source code
for the package is publicly available via GitHub?, here we can find the functions ”.MSM.em” and
” MSM.Im.maximEM?”, which are essential for the implementation of the EM algorithm for MSwM,
see Sanchez-Espigares & Lopez-Moreno (2021, lines 1154-1170) and Sanchez-Espigares & Lopez-
Moreno (2021, lines 1216-1293). As one can observe from this code, the MSwM package utilizes a
”stacked-matrix” approach. The following example provides a more detailed explanation of the trans-
formation used. Let us assume we have an AR model with two lags Y;_;,Y;_», where the coefficient
of Y;_1 switches and the coefficient of Y;_; is fixed. Furthermore, there shall only be two underlying

regimes. The model would then look like this:
Y, =Bis Y1+ B2+ U,

the MSwM package would then transform, for four observations (y;,y;—1,y:—2,:—4), the data/obser-

vations such that we get the following matrices:

Yi-1 2 0 y3 Di—1,1
. Vi1 _ 0 Y2 Y3 N Di-12
y= y X= y W=
Y V-1 0 yo Pt.1
Y 0 Y1 Yo Pt2

Thereby w is the vector of the smoothed inference regarding the chance of the Markov-Chain being in
a particular state at a specific point in time. If now ¥ is regressed on %, with w used as weights, then
each column corresponds to one coefficient estimate, column one would correspond to f; 1, the second
column would correspond to f3; » and the third column would correspond to 3. As becomes clear from
this example, this algorithm does not follow the optimisation problems we propose in Example 1 to
Example 5, to the best of the author’s knowledge there is no proof of showing any equivalence. This
fact brings us to our implementation of the EM algorithm in R, here we implement an approximation

of the EM algorithm that strongly relies on our derivations in section 4.4.4 to section 4.4.8.

6 Building MSARM - Implementation Considerations

MSARM is the R package we developed utilizing the theoretical results presented in the previous sec-
tions, it can be installed with the command devtools::install_github(”jmuelleo/MSARM”). MSARM

ZVersion 1.5, Sanchez-Espigares & Lopez-Moreno, 2021, DOI: 10.32614/CRAN.package. MSwM
3https://github.com/cran/MSwM/blob/master/R/2MSM.r
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utilizes Example 3, Example 4, and Example 5 for estimating the parameters of any potential Markov-
Switching AR process. One important point to note is that MSARM differs from the earlier presented
theory in only one significant detail. Instead of solving a constraint optimisation problem, as the theory
indicates, MSARM first computes the values of the constraint variables using the estimates from the
previous iteration step and then computes the estimates of the parameters of the underlying process for
the current iteration by inserting the constraint-variables into the originally constrained optimisation
problem. Earlier attempts at developing MSARM included deriving the Gradient for the different se-
tups and implementing gradient descent methods; this and any other form of constrained optimization
led to higher computational demands without yielding better results. Therefore, we decided to uti-
lize the described approximation. Besides this, the theory has been implemented in MSARM exactly
as presented earlier. Summarizing we can say that MSARM allows its user to estimate Markov-
Switching AR models. Any finite lag-order or number of underlying regimes can be chosen, details to

the functions of MSARM can be found in the following code boxes and their descriptions.

6.1 MSARM.fit

MSARM. fit allows its user to estimate Markov-Switching AR models. Thereby the user only has to
support MSARM.fit with the time series that is to be analyzed, the lag order of the assumed underlying
AR process, as well as the number of assumed regimes and a ”Switching”-vector, which indicates for
all parameters (intercept, coefficients and error term variance), whether they are supposed to switch
or not. It should be noted that if standard settings are used MSARM.fit estimates the parameters five
times, each time starting the optimisation with a different random starting point. Utilizing set.seed be-
fore running MSARM. fit allows for full reproducibility of the results. The implemented performance

metrics for choosing one of the optima are:

1. ”LV”: Utilizes the value of the conditional log-likelhood function for optima selection, i.e. the

optimization attempt that maximized (23) is chosen.

2. ”RSS”: Utilizes the quality of the in-sample fit for optima selection, i.e. the optimization at-
tempt that minimized Y., .1 07 is chosen, where K is the lag-order of the model and #; are the

residuals from the in-sample fit.

3. ’RCM”: Utilizes a Gini-Coefficient approach for optima selection, i.e. the optimization attempt
that minimizes 100- N2 - TiK):’T_KH Py (St = 1P =57) oo Py (St = N|%1 = 5r)

4. ”Entropy”: Utilizes an Entropy approach for optima selection, i.e. the optimization attempt that

1
minimizes —100 - N2 - mzf:m Py ) (St = 1D = F7) In(Py (St = 1195 = 5r))
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MSARM: MSARM.fit

R_value

K = K,
N =N,
m=1,
Switcher

all.plot

MSARM.fit(Y_T = Y_T,

Crit_value

Switcher, #Vector of TRUE/FALSE values of the length K+2

5, #Number of random starting points
= "LV", #Metric for choosing the optimisation result
FALSE) #Set TRUE for plots of all optimisation results

threshold_value = 0.5, #Threshold for assigning regimes

max_value = 250,

#Time Series to be analyzed
#Lag Order
#Number of Underlying Regimes

#Number of Observations to condition on

#Number of iterations

MSARM . fit will give the user the following plots of the chosen optimisation results: First a plot of

the regime probability of the second regime, this plot is particularily useful when working with two

regimes and second a plot of the regime probability for all regimes, this plot is particularily useful

when working with more than two regimes:

Probabilty

(a) MSARM fit: Regime Probability Plot Type 1

500 500

Time

(b) MSARM.fit: Regime Probability Plot Type 2

Figure 1: MSARM . fit: Regime Probability Plots

Additionally MSARM. fit will give a plot of the time series, the predicted regimes and the in-sample

fit:

Values

In Sample Fit

Actual Time Series
In Sample Fit
Regime 1

Regime 2

oonn

T T T T T T
100 200 300 400 500 600

Time

Figure 2: MSARM.fit: In-Sample Fit
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6.2 MSARM.predict

MSARM .predict allows its user to predict an MSARM.fit output for n.ahead periods ahead. If boot is
set to FALSE then the theory from section 4.5 and 4.6 will be implemented. Furthermore confidence
intervals can be created by setting boot = TRUE, in that case L bootstrap estimates are calculated and
used to create bootstrap-forecasting intervals. To be a bit more specific, bootstrapping is implemented

in the following way:

Algorithm 1 Bootstrap Forecasts

Require: Time series data yr,...,y;, number of repetitions L, number of forecast steps n.ahead and
in-sample residuals 7
1: for /< 1to Ldo
2 Vdata < VTs -+, V1 > Start with original data
3 for i < 1 to n.ahead do
4: 97+h < Forecast(yqata)
5: u < RandomSample (i)
6 Ynew <= $14n U
7 Append ynew tO Ydata
8

end for
9: Store forecast path of yyew from 7 + 1 to T + n.ahead
10: end for

After creating L forecast paths with this algorithm one can use the mean of the forecast paths as

bootstrap forecast and the quantiles of the forecast paths as bootstrap confidence intervals.

MSARM: MSARM.predict

MSARM.predict(res_MSARM.fit, #Result from MSARM.fit
n.ahead = 1, #Number of time periods
boot = FALSE, #TRUE for bootstrapping

levels = ¢(0.95,0.9,0.8,0.7,0.6), #Bootstrap interval levels
L = 10000) #Number of bootstrap estimates

6.3 MSARM.plot

MSARM.plot allows its user to plot the forecasts from MSARM.predict to see how the time series is
expected to behave in the future. Furthermore MSARM.plot allows its user if conf = TRUE and boot
= TRUE (in MSARM.predict) to additionally plot the bootstrap confidence intervals for the forecasts.

MSARM: MSARM.plot

MSARM.plot(res_MSARM.predict, #Result from MSARM.predict

conf = FALSE, #TRUE for confidence intervals
start = c(1,1), #Beginning of the Time Series
freq = 1) #Number of seasons per time period

Standard forecast plots will include the observed time series and the forecasts in blue. If one chooses
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to plot bootstrap confidence intervals, then each confidence level will be shown with a unique gray

scale:

\\w Mm, WM ,l’w

(a) MSARM.plot: Standard Forecasts (b) MSARM.plot: Bootstrap Confidence Intervals

Figure 3: MSARM.plot

7 MSARM vs. MSwM

In the following, we present simulation results for the setups Example 0 to Example 5. It will become
clear that MSwM struggles with certain setups, namely the more generalized setups where only a
subset of the coefficients is allowed to switch. Additionally we present in the Appendix, section 9.4,
around 300 more simulation results, where we compared the performance of MSARM and MSwM

utilizing completely randomly generated processes. But first, we turn to some explicit examples of
applying MSARM and MSwM.

7.1 Example 0: Switching Coefficients and Intercept, Non-Switching ¢
We simulated 300 observations of the following process:
Y=+ 015 Yi1 025 Yi 2+ Ui where U '™ N(0,07).

Furthermore, the parameter vector & together with the transition matrix IT have the following form:

Cs; ¢1 St ¢2,S, o?

Regimel -0.6 -03 03 1 095 0.05
Regime2 0.6 03 -03 1 005 09

m %]

Table 1: Example 0: Parameter Values

The following graphics show the simulated process, as well as the the predicted regime probabilites

by MSARM with standard settings and the predicted regime probabilites by MSwM.
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Figure 4: Example 0: Simulation
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Figure 5: Example 0: Regime Probability MSARM vs MSwM

As one can easily see both packages lead to very similar results for Example 0, MSARM leads to a
slightly lower misclassification rate for the regimes, while MSwM leads to slightly better estimates
of the parameters, but the difference is very small. The exact resulting estimates and performance
indicators can be found in the following tables, the performance indicators computed were the miss-
classification rate (MCR), the mean absolute coefficient estimation error (ACoEE), the mean absolute
transition matrix estimation error (APiEE), the mean absolute error term variance estimation error

(AVarEE), and the mean absolute parameter estimation error (APaEE).

CSt ¢1 St ¢2-,St 0-2 | U]

MSARM Regime 1 —0.4370 —0.1712 03706  1.0890 0.9690 0.0310
MSARM Regime 2 0.6030 0.2816  —0.2524 1.0890 0.0283 0.9717
MSwM Regime 1 —0.4503 —-0.1761 0.3656  1.0862 0.9595 0.0405
MSwM Regime 2 0.5904 0.2779  —0.2459 1.0862 0.0261 0.9739

Table 2: Example 0: Estimated Parameter Values

MCR ACoEE APiEE AVarEE APaEE

MSARM 0.0300 0.0719 0.0203 0.0890 0.0576
MSwM 0.0400 0.0709 0.0167 0.0862  0.0554

Table 3: Example 0: Performance Metrics
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7.2 Example 1: Non-Switching Intercept

We simulated 300 observations of the following process:
Y, =ct Y1+ 05 Y 2+U where U "% N(0,0%).

Furthermore the parameter vector o together with the transition matrix IT have the following form:

4 ¢1,St ¢2,Sr 0-2

Regimel 03 —-04 04 1 095 0.05
Regime2 03 05 —-05 1 0.05 095

m V(%)

Table 4: Example 1: Parameter Values

The following graphics show the simulated process, as well as the the predicted regime probabilites

by MSARM with standard settings and the predicted regime probabilites by MSwM.

Sl

Figure 6: Example 1: Simulation
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(a) Example 1: MSARM Regime Probability (b) Example 1: MSwM Regime Probability
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Figure 7: Example 1: Regime Probability MSARM vs MSwM

As one can easily see, both packages lead to similar results for Example 1. MSARM results in a
slightly lower misclassification rate for the regimes and slightly better estimates of the parameters;
however, the difference is again quite small. The exact resulting estimates and performance indicators

can be found in the following tables:
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c (Pl,s, ¢2,S, 62

MSARM Regime 1 0.3118 —0.3657 0.4596  1.0281 0.9408 0.0592
MSARM Regime2 0.3118  0.4691 —0.4610 1.0281 0.0417 0.9583
MSwM Regime 1 0.3181 —0.3651 0.4612  1.0242 0.9280 0.0720
MSwM Regime 2 0.3182 0.4622  —0.4637 1.0242 0.0451 0.9549

m %)

Table 5: Example 1: Estimated Parameter Values

MCR ACoEE APiEE AVarEE APaEE

MSARM 0.0867 0.0312 0.0088 0.0281 0.0232
MSwM 0.0933  0.0344 0.0135 0.0242  0.0257

Table 6: Example 1: Performance Metrics

7.3 Example 2: Switching Intercept and Non-Switching Coefficients

We simulated 300 observations of the following process:
Vi =Cs +O1yi1+ ¢y 2+U;  where U H N(0,0?).

Furthermore, the parameter vector & together with the transition matrix I have the following form:

cs, 01 ¢ o m ™

Regimel 2 —-04 05 1 095 0.05
Regime2 -2 —-04 05 1 0.05 0095

Table 7: Example 2: Parameter Values

The following graphics show the simulated process, as well as the predicted regime probabilites by

MSARM with standard settings and the predicted regime probabilites by MSwM.

o
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Time

Figure 8: Example 2: Simulation
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Figure 9: Example 2: Regime Probability MSARM vs MSwM

This is now the first explicit example where MSwM completely breaks down and fails to accurately
estimate the underlying process. It is essential to emphasize that MSwM does not just fail in this spe-
cific example; instead, it tends to fail in setups of the Example 2 type in general, as further illustrated
in the Appendix, section 9.4. Unfortunately, Example 2 is the setup most similar to the one used by
Hamilton for estimating recession probabilities and is therefore particularly interesting, see Hamilton
(1994, page 697). Furthermore, we want to emphasize that MSARM does particualarily well in se-
tups like this, even reaching a misclassifcation rate of exactly 0%. The exact resulting estimates and

performance indicators can be found in the following tables:

cs, 01 (033 o’ 7 ™

MSARM Regime 1 2.0684  —0.3789 0.4558 1.0371 0.9607 0.0393
MSARM Regime 2 —2.0165 —0.3789 0.4558 1.0371 0.0306 0.9694
MSwM Regime 1 0.0341 0.0532  0.8272 2.1143 0.6111 0.3889
MSwM Regime 2 —0.0850 0.0532 0.8272 2.1143 0.5579 0.4421

Table 8: Example 2: Estimated Parameter Values

MCR ACoEE APiEE AVarEE APaEE

MSARM 0 0.0359 0.0150 0.0371  0.0291
MSwM 0.4400 0.9069 0.4234 1.1143  0.7803

Table 9: Example 2: Performance Metrics

7.4 Example 3: All Parameters Switch

We simulated 300 observations of the following process:
Yi=co + 915 Yim1 + @25 Yia + Uy where U ~N(0,0y).

Furthermore, the parameter vector ¢ together with the transition matrix IT have the following form:
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¢, Oy Py 02 m ™

Regimel 2 -04 —-05 1 095 0.05
Regime2 -2 04 0.5 9 0.05 095

Table 10: Example 3: Parameter Values

The following graphics show the simulated process, as well as the predicted regime probabilites by

MSARM with standard settings and the predicted regime probabilites by MSwM.
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Figure 10: Example 3: Simulation
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Figure 11: Example 3: Regime Probability MSARM vs MSwM

In this setup MSARM slightly outperforms MSwM in every metric, besides MCR where both achieve
the same result, but still both packages perform relatively similar. The exact resulting estimates and

performance indicators can be found in the following tables:

CSt q)] St ¢2-,St 652, 7Ty U]

MSARM Regime 1~ 2.0271  —0.3785 —0.5230 0.9918 0.9613 0.0387
MSARM Regime 2 —3.3138  0.3356 0.4577  9.3624 0.0311 0.9689
MSwM Regime 1 2.0506 —0.3780 —0.5245 1.0212 0.9618 0.0382
MSwM Regime 2 —3.3198  0.3354 0.4576  9.3608 0.0311 0.9689

Table 11: Example 3: Esimated Parameter Values
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MCR ACoEE APiEE AVarEE APaEE

MSARM 0.0133 0.2487 0.0151 0.1853  0.1603
MSwM 0.0133  0.2540 0.0153 0.1910 0.1639

Table 12: Example 3: Performance Metrics

7.5 Example 4: Arbitrary Subset Switching of (c, ¢) and Non-Switching ¢

We simulated 300 observations of the following process:
Y, =cy + 91ttt 0¥ o+ 03V 3+ Guy g+ Ui where U, 'R N(0,62).

Furthermore the parameter vector o together with the transition matrix IT have the following form:

Cy, (o] P Psy, o2 m V(%)

Regimel 3 -03 03 02 -06 1 095 0.05
Regime2 -3 —-03 03 02 0.6 1 005 095

Table 13: Example 4: Parameter Values

The following graphics show the simulated process, as well as the the predicted regime probabilites

by MSARM with standard settings and the predicted regime probabilites by MSwM.
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Figure 13: Example 4: Regime Probability MSARM vs MSwM
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For this setup MSARM performs as well as MSwM regarding the misclassification rate, but performs
slightly worse regarding the parameter estimation, but still both packages perform very similar. The

exact resulting estimates and performance indicators can be found in the following tables:

Cs, o] 02 (g D45, c? m m

MSARM Regime 1~ 3.0273  —0.3026 0.2648 0.1882 —0.5575 1.0751 0.9687 0.0313
MSARM Regime 2 —3.1302 —0.3026 0.2648 0.1882 0.6301  1.0751 0.0239 0.9761
MSwM Regime 1 3.0232 —-0.3016 0.2647 0.1874 —0.5568 1.0606 0.9690 0.0310
MSwM Regime 2 —3.1288 —0.3016 0.2647 0.1874 0.6302  1.0606 0.0239 0.9761

Table 14: Example 4: Estimated Parameter Values

MCR ACoEE APiEE AVarEE APaEE

MSARM 0.0033 0.0329 0.0224 0.0751 0.0356
MSwM 0.0033  0.0325 0.0225 0.0606  0.0335

Table 15: Example 4: Performance Metrics

7.6 Example 5: Arbitrary Subset-Switching of (c,¢) and Switching ¢

We simulated 300 observations of the following process:
Yi=cy+0Y1+$Y, 2+Us; where U ~N(0,0;).

Furthermore the parameter vector & together with the transition matrix IT have the following form:

s, o, o m om

Regimel 7 —-0.6 04 1 095 0.05
Regime2 -7 —-0.6 04 4 0.05 0095

Table 16: Example 5: Parameter Values

The following graphics show the simulated process, as well as the the predicted regime probabilites

by MSARM with standard settings and the predicted regime probabilites by MSwM.
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Figure 14: Example 5: Simulation
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Figure 15: Example 5: Regime Probability MSARM vs MSwM

This is the second explicit example where MSwM fails to estimate the underlying process properly
while MSARM does so without difficulties. In contrast MSARM does particularily well achieving a
misclassification rate of exactly 0%. The exact resulting estimates and performance indicators can be

found in the following tables:

Cs o) (07) o} m 7o)

MSARM Regime 1~ 7.0555 —0.5688 0.3610 0.9158 0.9618 0.0382
MSARM Regime 2 —6.9812 —0.5688 0.3610 4.2233  0.0298 0.9702
MSwM Regime 1 0.1615  —0.0005 0.8963 2.5668 0.8936 0.1064
MSwM Regime 2 —0.6526 —0.0005 0.8963 39.7116 0.3270 0.6730

Table 17: Example 5: Estimated Parameter Values

MCR ACoEE APiEE AVarEE APaEE

MSARM 0 0.0358 0.0160 0.1538  0.0489
MSwM 0.4533  2.5629 0.1667 18.6392 4.4436

Table 18: Example 5: Performance Metrics

8 Conclusion

In this thesis, we first provided a comprehensive and structured overview of the theoretical foundations
for estimating Markov-Switching Autoregressive (AR) models. Building on this framework, we in-
troduced MSARM, an R package developed as part of this Bachelor thesis for estimating such models
within the R environment. As discussed earlier, MSARM heavily relies on the presented theory, par-
ticularly the generalizations covered in Examples 3, 4, and 5. Subsequently, we compared MSARM
with MSwM, one of the most widely used R packages for Markov-Switching models, using approxi-
mately 300 simulation runs based on randomly generated processes. The results show that MSARM
performs comparably or better where both packages succeed and significantly outperforms MSwM in
terms of robustness. To be more specific, MSwM failed in 70 cases to estimate the underlying process

sufficiently well, where MSARM succeeded, while MSARM failed in only 7 cases where MSwM
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succeeded, implying a 10:1 advantage for MSARM. These results were achieved using MSARM’s
standard settings. As discussed in section 6.1, further performance improvements are possible by in-
creasing the number of starting points or adjusting performance metrics. Overall, MSARM proves to
be a robust and practical alternative to MSwM, especially when reducing the risk of estimation failure

is critical.

References

Hamilton, J.D. (1989). A New Approach to the Economic Analysis of Nonstationary Time Series and
the Business Cycle. Econometrica, Volume 57, pages 357-384.

Hamilton, J.D. (1990): Analysis of Time Series subject to Changes in Regime. Journal of Econometrics,

Volume 45, pages 39-70.
Hamilton, J.D. (1994): Time Series Analysis. Princeton, NJ: Princeton University Press.

Kim, C.-J. (1994): Dynamic linear models with Markov-switching. Journal of Econometrics, Volume

60, pages 1-22.

Lee, S.-H. (2022). Understanding Hamilton Regime Switching Model using R package. R-
bloggers: https://www.r-bloggers.com/2022/02/understanding-hamilton-regime-switching-model-
using-r-package/ (Accessed: 01.07.2025).

Sanchez-Espigares, J.A., & Lopez-Moreno, A. (2021): MSwM_: Fitting Markov Switching Models [R
package source code]. GitHub: https://github.com/cran/MSwM/blob/master/R/2MSM.r (Accessed:
01.07.2025).

9 Appendix

9.1 Optimal Inference of the Regimes and Derivation of the Log-Likelihood

The following derivation closely follows Hamilton (1994, page 693). First of all, it is essential to keep
in mind that (§_1); = Po(S; = jI%—1 = 5—1) and (0,); = fy,js,% :«(1]j.Fi—1). Based on this we

can see that:

(Gil—1©M)j = Po(S: = jl%-1 = Yi-1) fr s, 1:a 01l J: 1)
= fK,StIi’%fl;G()’tJWt—l )-

If we now sum over all potential values of S; we get:
N A

Y frosiz o0 dlVi-1) = frg e ilFi1) =1 (G ©mo).

j=1

Additionally it is therefore true that:

(Ce10M);  Srsiz 00 JlVi-1)

" = = =Py(S, = j|% =)= (),
Viion)  Fumse0ilyi-) o8 = 1% =31) = (ann)s
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Utilizing vectors we can write:

é, _ (ét\t—lQT]t)
" 1’(6:\171@7%)'

To put it as simple as possible one could say that we basically just applied Bayes Rule. Next we want
to get from (ézh)j =Py(S, = j|% =) to (§t+1|,).,- = Py (Si+1 = j|% = ;). We know from (14) that

this is possible via:
Eo(G1|% =5) =TIy,

9.2 Smoothed Inference over the Regimes

The following derivation closely follows Hamilton (1994, page 700-702). First we note that S; depends

on %;_; only through S;_; and on future observations only through S; ;! One could say:
Pe(Sz = j|St+1 =i,% :yT) = PG(St = j‘Sl+1 =i,% :5’})‘
We can show this formally:

Py(S; = jISiv1 =1,% 11 =Yi41) = Po(S: = jISti1 =0, Yi1 = yer1, % = 31)
Pe(St =J, Y :yt+1‘St+l = i,@t :)_;t)

fY,+] ‘S,+|.,?}/[;OC (yt+1 |l75]})

. fYt+l ‘SnSerl,?%;(x(yH»l |]a i’)_;t)

——Po(S: = jIStt1 =1, =3)
fKH\SHleJt;(x(yt-&-l‘l’yt)

- f)’,+1\S,+1,?!/,;a<yt+l ‘i7§l)
fY,H \St+17%;06(yl+1 ‘lv)_;t)

=Py (S; = jISt41 =1, % =5,).

PB(St :j|St+l = ia%:ﬁ)

The last two steps are possible because based on (11) the distribution of ¥;;; conditional on S;; is

independent of S;. Now we can approach the derivation for # + 2 in a similar way:

Po(S; = jISi+1 =1, %12 =Yi42) = Po(S; = j|Si+1 =, Y2 = Y2, D1 = Vi)

Py (St =j, Y2 :)7t+2|Sz+1 =1, «O?/zﬂ = fzﬂ)

sz+2|Sr+17€”t+l;9 (yt+2|ia)_;t+1)

. fYt+2|St7St+1:g/z+l;9(yl+2‘j7 i)j;t-i-l)

— Po(S; = j|Si+1 =1, %11 =Vr41)
fyr+2|St+17£”t+l;9 (yH-Z‘l?yH-]) ’

 Flsin %o Ol i)

= = Pe(St:j|St+1 :i,@zﬂ :yl+l)
fK+2|S,+1,?%+I;9 (yt+2‘lvyt+1)

=Py (S; = jISi+1 =1, %11 = Y1)
=Po(S; = jISi1=1,% =5).
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Simplifying the fraction is possible because:

T¥rialS0Sei1. %120 Or2] 75 6, Vi) =

N
Z fYt+27St+2‘Sl-,St+la@t+l;e(ytJrz’k‘j’ i’)_;”rl)

M= T

fY}+2|S,+2,S,,S,+1,g/,+1;(Z(yl-‘rz‘k?j7 iaj;l-‘rl)

k=1

'PG(SH-Z = k|St+1 =i,5 = jv%-ﬁ-l :)_7}+1)

N
Z fYr+2|St+2:St+17@r+l;(x(yl-‘rz‘kv iaj;l-‘rl)
k=1

Po(St+2 =k|St+1 =1,%41 = Yit1)
N

TinSealSear ;0 V2, K, V1)
=1

onlSiir 0 D28 Fe41)-

We show now by induction that this approach is generally applicable. The earlier shown cases were

the start of the induction, for the induction step we can say, we choose an arbitrary, but feasible, n and

our induction assumption is:

Pe (St = j|St+1 = i7%+n zim) = Pe (St = j|Sz+1 = i’% :)_7})- (53)

Then it shall hold that:

Po(S; = jISi41 =1, %1 =

To show that we write:

Po(S; = jISi+1 =1, % 1nt1 = Vitnt1) =

Viant1) = Po(S; = j|Siv1 =1,% = ). (54)

PG(St = j’StJrl = i7Yt+n+1 :yt+n+la%+n :)_;t+n)

fS,,Yt+n+] ‘S;+| P00 (j?yf+n+l |i>5;t+n)

fYH,,H [St41, % s (yt+n+1 ’i,)_;tJrn)

0
fYr+n+l S,St41,% 4020 (yl-i-n-‘rl ‘]7 i7.)—;l+rl)

fYr+n+l [Si41,% 4030 (J’t+n+1 ’i7)7t+n)

‘Pe(St = j|St+1 = i;%-ﬁ-n = )7t+n)

=Py (S; = jISt+1 =1, % 1n = Yiin)
:PG(St = ]"St—i-l = iv% :yt)-

Thereby, the last step is just applying the induction assumption and simplifying the fraction is possible
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because:

N
fYt+n+l‘ShST+l~,?%+n;6 (y[""""‘l |-]7 i’j;l""”) = Z fYt+n+lyst+n+l‘St>St+17£/t+n;0(yt+n+l 7k’j7 iJ;H'”)
k=1

N
=Y FrnitSeonir S Zonsa Oinst 1Ko o 6, Fran)
k=1
'PG (St+n+l = k|SI = jaSt+1 = i7 g/tJrn = )_;t+n)

N
= Z le+n+1 ISt 40t 15841, % 1n3 00 (yz+n+1 |ka ia)_;t+n)
k=1

- Py (St+n+1 = k|Sz+1 =1, @Hn = §z+n)
N
= Z le+n+l Stn+11814+1,% 4030 (yt+n+l ) k|iayt+n)
k=1

= fYH,,H [St+1:% 1030 (yt+n+1 |i7)_;t+n)‘

Once this is done it can be seen that:
Po (St = jISt+1 =1, %1m = Fr4m) = Po (St = jISi+1 =1, % = 31).
From this follows the original claim:
Po(S; = jISi+1=1,%r =5r) = Po(Si = jISit1 = 1,% =1).

Next we can see that:

P@(St:jaStJrl :im/t:}_’})
Po(Si+1 =i|% =)
B Pe(Sz+l = i’St =5,% :yt)PO(St = j|@t :yt)
a Po(Si+1=1i|% =5)
B PB(SIH = i|St = j)Pg(S, = J|@t :)_;t)
B P9(5t+1 =i|5’/t=§z)
TP (Si = jI1% =)
C P(S=i% =)

Po(S; = jISiv1 =1i,% =5, =

From this it follows that:

Po(S; = j,Sr+1=i|%r =3r) = Po(Si+1 = i|%r = Yr)Po(S: = jISi+1 =1,% =r)
= Pe(St+l = l|% :yT)PO(Sz = j|St+1 = i,% :5}})

7 iPo(Si = j|% =)

= Py(Si1 =% =r) Po(Se1=il% =5)
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Therefore, the smoothed inference over S; is given by:

=

l
_

Py(S; = jI%r =¥r) = )_Po(Si = j,Stv1=i|% =Yr)

;. iPo (S; = j|% =)
Po(Si41 =1|% =)

N 7 iPo(Siv1=i|% =yr)

— Py(S, = j|% =7 T
b8 = I =5 L s = =)

Po(St1 =i =r)

—

I
™=

Py (Si+1=1|%7 =5yr)
Po(Si11= 1% =)

:PQ(SZ:j‘@t:y’[)(ﬂ:j’]...nj,]\l)
Po(Si+1 =N|%r =5r)
Pe(St+1 :N@/t Zf"t)

= Po (S = j|1% = )T (&oar ()G 1p0).

Where IT; is the jth row of II. For the vector of probabilities one can therefore write:

i =G 0T(Grr () G-

This is the earlier presented formula.

9.3 EM Algorithm for Autoregressive Processes with finite lag order

The here presented proofs for the equations (38), (39) and (40) closely follow Hamilton (1990, page
63-67). We begin with (38), then go on to (39) and finish with the proof for (40). The first, essential

step for all three proofs, is to establish that the following holds:

TPt m1107\Zih T (m1) 5T [Fm) =Sy (2050 7 l2r) - Pu(ST = s7|S7-1 = 57-1)
S zeaOr—1lzr—1) - Pu(Sr—1 = 571|872 = 572)

(55)
'me+1\Zm+1;a()’m+1 |Zm+1) ‘PH(SmH = Smt1|Sm = Sm)

: p57717~~751 ‘
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This can be derived in the following way:

fvrizrarlzr) - Pa(St = st|ST—1 = 5s7-1)

Sz aOr1lzr 1) - Pa(Sr—1 = s7-1|S72 = 572)

'fK;z+1|Zm+1;oc()’m+l |Zmt1) - Pu(Sma1 = Smt1|Sm = Sm)
'psmr-wsl
= fYT‘ST,...,ST,m,YT_l,...,YT,m;(X(yT’sT7 "‘7ST*m?yT*17 ,nym)PI'[(ST = ST|ST*1 = ST*I)

'fYT—l|ST—1a-«wST—l—ranT—l—l7---:YT—1—m;Ol(yT—] ’ST—I s ST 1=y YT —1—15-ees YT—1—m)

Pa(Sr—1 =s7-1|S1—2 = 57-2)

o [SmiseensS Yms 1o Vosot V2 [Smt 25 582, Yt 15 -5 Y2) P1(Smt2 = Smt2[Smi1 = Smr1)
'meH|Sm+1,.4.7S1,Ym,...7Y1;OC(ym+l |Sm+1 ooy S15Ym, ---ayl)Pl'I(Sm+l = Sm+1 ’Sm = Sm)

Py (Sm = Sy s S1 = 51|Y0 = Yy -, Y1 = Y1)
And due to the Markov property and (12) it holds that:

S SmitensS1 T Y30 Ot 1St 15 -5 S1 Y o+ Y1) P (S 1 = Smt1|Sm = )
= o Smst oSt Yo Vs Vet 1 S 15 o381 Ym0 YU P (Smt1 = St [Sm = Smy -, S1 = 51)
= fymﬂ|s,,1+1,...,Sl,x,l,...7yl;a(ym+1 ’Sm+17--~751>ym7~--7y1)

- Pa(Sms1 = Smt1/|Sm = Smy ;81 =51, Ym = Ym, -, Y1 = Y1)

= me+17Sm+1\S,,,,...,Sl,ym,...,Yl;O(ym+1 s S 1Sy oy ST, Y '-'7y1>'

Logically it also holds that:

me+1,S,,,+1‘Sm,...,Sl,Ym,...,Yl;e (ym+lysm+1 ’sm7 "'7S17ym7 ---,)’1) Pﬂ, (Sm = smv "'7S1 = S] ‘Y = ym) "'7Y1 ZJ’I)
= Y1 Sms1:SmseensS1 Yorsoo Y120 (Va1 Smt 1y -0y 81 Yms -, V1) -

We assumed in our model formulation in 4.1 that there is a maximal autoregressive lag order m such

that ¥;, depends only on m lags of ¥;. Then it holds that:

o SmiseeesSo st Vosot Vmt2[Sm425 552, Yt 15 -+ Y2) P (Smt2 = Smt2|Smt1 = Smt1)
= fY,,Hz|Sm+2,....,Sz,S1,Ym+|,...Y2,Y1;Oc(ym+2|sm+2a 382,81, Yt 15 - Y2, YD) PI(Smi2 = Smi2|Smi1 = Smt1)
= me+2|Sm+27..‘,S27S1,YmH,...,Yz,Y];a(ym+2|sm+27 --'7s27517ym+17---7y27y1)

‘PH(Sm+2 = 5m+2|Sm+l = Smt+1,5m = Smy--»51 =81, Yt 1 = Ym+1,--,Y1 = yl)

= me+27Sm+2‘Sm+l7Sm7~"7Slme+1>Ym:~'7Y1;6 (yM+27SM+2’srn+1 ySmy s ST, Ym+15Yms -5 Y1 )
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And thus we can write:

S¥:Sm2 S 1 SmseeesSt Yot T Y130 (Yt 25 St 2] St 1Sy <5 ST, Y15 Yy -, V1)

'fI/,,,+1,Sm+] SityeeosS1 Yoo Y130 (Vmt 15 Smt1>Sms -+, 81|V -5 V1)

= me+2,Sm+2|S,,,+1,YmH7S,,,7..‘,SI7Y,,1,...,Y1;G(ym+27sm+2|sm+l s Ym-+1ySmy«-+3815 Ym, --'ayl)
et S SmeesS1 Yoo Y130 Vit 1 St 1Sy -+ 1Yy -+, V1)

= me+z7Sm+2,Ym+17S,,1+17Sm,..451‘Ymr..Yl;G (yWI-i-z?SWl-‘rZ?ym-i-l »SmA-15Sms -+5 51 ‘ymv —s V1 )

We can follow this logic until 7 and end up with:

TS St Vr e Y@ VT STy o5 STy YT~ 15 o YT ) P (ST = 57[ST-1 = 57 1)
: fYT*l|ST717-~-7ST717m7YT71717---7YT—1—m;a (nyl ’sTfl PR sT*lmeyT*l*l ) -'-anylfm)

Pra(Sr—1 =s7-1|S7-2 = 57-2)

'me+2|Sm+2,...,S2,Ym+1,...,Yz;a(ym+2’sm+2u s 82, Yt 1 o Y2 )P (Smt2 = Smi2|Sms1 = Sms1)

St IS tseensSa Yoo Yrso Vit 1S 15582, Yy o0 Y1) P1(Sms1 = Smt1[Sm = Sm)

P (S =Smy--sS1 = 51Y = Ym, -, Y1 = 1)

= fYT,ST,YT,l,ST,I7...,Ym+175m+1,sm,...,S1|Y,,l,...,Y1;/l(YT>ST7yT717ST71a vy Ym+1,Sm+15Sm, ---7S1’)’ma V1)

= f@T:(mH),,VVJm;l (S;T:(erl) 5T Wm)

Derivation of (38): Now that this first step has been established, we can now focus on the derivation
of the first equation, thereby we are closely following Hamilton (1990, page 63-65). We start with
(55), it holds that:

(124171904 (1), 57 ) = In(fry 20 (V7 [27))
+In(Pr(St = s7|S7—1 =57-1))
+In(fy,_y 1z 10 O7-1]27-1))
+In(Pr(Sy, = 571|872 = 572))

+...

(56)

+ ln(me+l |Zins 1500 (merl |Zm+l ))
+In(Pa(Sm+1 = Smt1|Sm = Sm))
+1n(p5m~,"‘7sl )

We remember that if we have L(x,y) and In(L(x,y)) = I(x,y), then it is true that:

dl(x,y) 1 dL(x,y)

ox L(x,y) ox ’

and thus

dL(x,y) dl(x,y)
ax - ax L(X,y).
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We apply this now:

IN(f 24,110,712 F7:(m41) 5T Vi)
87:,-71-

fW‘/T: m+1 790‘9}11324 (yT(erl)w?T Wm)
(m+1)

_ af@T:(erl)vylg/m;)v (yT(m+l)7§T|ym)
B aTL’iJ

i

where:

aln(f%(mm,ﬂ?z/ -A()7T:(m+1)7§T|)7rn)) L dIn(Pa(S = s/|Si—1 = s1-1))

8,7r,-,.,- = L

1 Im;;
One should note that:
1
JIn(P(S: = s:[Si—1 = s1-1)) — ifS,=j and S_j=i
= T :
Im; j .
0, otherwise

In the following, we will use the Kronecker delta as notation in the following way:

I, if Aistrue

O] = :
0, otherwise
thus:
3f@/T:(m+l),5ﬂl%;)L()7T:(m+1)a§T‘)7m) f & 57 [5) ZT: dIn(Pr(S; = s¢[Si—1 = s1-1))
= I 1) | DA VT STy
om;) e T RA T ) ST, L o
=f@xpwﬂ),ywm;a(ir:(m+1)7E’T\Vm Z O15,— .8, 1]
l]t m+1

We remember that the following holds:

O 50 (Mi1) = Zln(ﬁ%:(mﬂ),,ﬂ%;xm 72 m+1) 57 Vm)) S 11,71 % T (1) ST ) -
ST

Therefore, we can say:

9Qx,,yr Ml (S0 150 ml (r-m1)57[Fm)) . -
S 1)o7 B2y T2 (mt 1) ST )
= (m+1)
ST

1
:Z (i+1) Z 6[S, JiSi—1=i] f?/T (1) D ll(yT (m+1) sT|ym)
ST 714-1] t=m+1

It is now essential to notice that:

Y 8155 =ity 2102 1) 5T ) = F1 100,815 11910520 1))
st

=P, (S = j,Si—1 =i|% =)

S| By T n4.1) )
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and that therefore:

903, 5 (Ai+1) I
871,'([+1) = Z 71,'(1+1) Z—H 6[S,:j,S,_1:i]f@p(,,l“),,y\”]m;l, (yT:(erl))sT’ym)
i,j ST ij t=m
1

= 1+1 Z ZS[S, JuSi— ]—l f(yr m+l)77‘/y l](yT (m+l ST|ym)
ij 1= m+1 sp

1
=~ Z Px, (St = JiSi—1 = il27 = 1) 21 111 | i OT:(m1) [m) -

i,j t=m+

Under the constraint Z]]y:1 7; j = 1 we can now form the Lagrangian:

QZ,[,_)/T A’l“rl aLLl Z T[l]

This leads to the following first-order conditons:

00, . (A
711'”( l+1):u,-, for j=1,...,.N

(I+1)
oy
We insert our result from above:
1
0T Z P (St = J,Si—1 =120 = 531) 1210001 %t O T (m1) [Fm) = R
75” t=m+1
T n.(lfrl)ui
& Y PSS =jSa=il% =)= N -
r=m1 T 1) |2y T (1) Vi)
We now sum over 1,..., N, which leads to:
N T N (l+1)ul
Z Z PAI(S;Zj,S,,lzi\%:yT Z
j=lt=m+1 i=1 9P 1) D JL,()’T m+1) |)’m)
o ZT: Py (Sio1 = il% =) -
aWBr—1 =1HT =)y7) = S -
t=m+1 : fi%;(,,,ﬂﬂ?%,,;)q(yT:(m+1)b’m)
If we now insert this in the result from above we get:

T (H—l)‘ul l )

Y Pu(Si=jS=il% =) = = Z Py (Sio1 = i|% = 1)
=1 e b1
<:>7L_(l+1) Zt m+1PA,(St ]aSt l—l|% —yT)

o Yt Py (S =il% =5r)

this concludes the derivation of (38).

Derivation of (39): With that, we get to the second equation. In the following we closely follow

Hamilton (1990, page 65-66). Again, we start with (55), but this time we take the derivative in o:

af%:<,,,+1)7Y\%;l(yT:(m+1)7§T’§m) . IR I aln(fmz,;a()’t‘zt))
T = [ e #1Pih T e(m1)557 ) Y e :
t=m+1
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It is important to note here that fy,|z,.q(y/|2:) depends on S, through Z;, because

Z = (S, Si—15sSt—m, Yi—1,Yi—2,...,Y,_p), but at most for the dates ¢, ..., — m, thus:

90y, 5, (A1) 0
dogrr  doun

(210007 Bt OTsm41): 5T 15m) ) 201171550520 P2 (1) s 5T )

(S, .51 %201 FT:(m41): 5T (m)) . o
= 2 Jer T 1171 P OT:(m 1) 5T [ Fm)

Lo dIn(fyzia,, (01lz))
(56) - S Y| Z040 \ Ve |2t
= Zf@T:(mﬁ»l)vsﬂ‘gm;ll (yT:(m+l)7sT|ym) Z aali:ll

ET t=m+1

aln fY,‘Z, O{[+1(y[|zt)) - - |-
Z Z aal+1 fOJT:(m+1),y‘?%n;l[ (yTZ(WH-l)?ST ’ym)

t=m+1 §r

A ln(fyz|zr;051+1 (yf ‘Zt))

Y Yy s

t=m+1s,=1 St—m=1

N N N
-(z---z £ § S Grimes mm)

sy=1 Str1=18—m—1=1 =1

i i i aln(fYHZt;aPrl(yt‘Zt))

041
'PA[(SI = 8, ...,S[,m = stfm‘YT :yT,...,Yl :)’1)
'fYT,..‘,Yerl|Ym,‘.A,Y1;l](yT7"°7ym+1’yma"'7y1)'

These steps are possible because fy, 7. (y¢|2:) at most only depends on S, ..., S;—. This leads us to

the following first order condition:

T N N dIn(fy, 0., O0l2))
fWT:(erl)'ﬁJ/m;xl (yT;(m+l)|ym) Z Z Z aaH’l
N St—m=1

PA](SI = ShSt—l = sl‘—17"'7Sl—m = St—m|% :yT) - 07

which is equivalent to (39).

Derivation of (40): Now we can turn to equation number three, here we closely follow the deriva-

tions presented by Hamilton (1990, page 66-67). We start with (56) and take the derivative in p;, _;,:

N[y, 1) it Fr:(m1), 5T V) 1
aI)l.m,....,l] plm

5[Sm Imy-sS1= ll]

because of this, it holds that:

900y, 5, (A1) Zaln I 1% 7LI+1(HT:(m+1)7§Tb7m))f & 5o l5)
(I+1) I+1 %:(mﬂ),ywym;l] YT:(mA4-1)s ST |Ym
aplrm i1 § al)l(m )

1
- Z 0D 818, 12011 S D 171950520 T (1), 5T [im)-
ST in17---7i1
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We want to optimize Qy, 5, (A1) under the constraint ZJJ\Z 1(Pi+1)j =1, i.e that the sum of all elements

of p;41 shall be 1. Thus we construct the Lagrangian:

Nm
Oy 3r (1) = (Y (Pr+1); — 1))
j=1
Which leads to the first order condition:
1 = - |=
Z WB[Sm:im;-..,Sl :il]f?yr:(m+1),,7|?%n;ll (yT(m+1) , ST |ym) — IJ

ST Py,

. Lo (1+1)
S Y 08, 1= ) ATt T (1) 5T F) = Py 1

st

. . (I+1)
<~ me,“.,Sl,YT,..‘,YmH Yoy Y150 (lma w1 YTy ooy Y1 |)’m7 "'ayl) p,m‘_”?ll Hu

. . . . . 141
& P, (Sm = imy s St = 0|21 = 51) 21,011 B OTs(m1) [Pm) = HP,(,,“ ), :

If we now sum over all potential values of (i1, ...i,,) we end up with:

N N
. . . . (1+1)
Yo Y Py (Sn =y St =0 D7 = 51) g it (1) Z Z LLP%+ ‘i

im=1 i1=1 im=1 i1=1

S S i) Do OT (1) [ Fm) = 1
We insert this for y and get:

. . B B . . 141
Py, (S = iy s SU= 01D7 = F1) f 1|90 O T (m0) [P) = 12112000 O (1) |5 )P,(,m ),

& Py (Sp = i1 = 1| % =57) = p{ 1)

This concludes the derivation of the EM algorithm for models with an underlying Markov-Chain and

a dependence on a maximum lag order.

9.4 Stress Testing MSARM and MSwM: Results of 288 Random Processes

In section 7, we presented the results of six simulations comparing MSARM and MSwM. While these
already demonstrated that MSwM can fail to accurately estimate certain processes where MSARM
succeeds, we wanted to ensure that these findings were not driven by specific process choices. There-
fore, we conducted an additional simulation study, randomly generating 48 time series for the Exam-
ples 0 to 5. To ensure robustness, the time series were generated with varying sample sizes: 50, 100,
150, 200, 250, 300, 350 and 400 observations (six series per sample size). Each process featured ex-
actly two regimes, while the AR lag order was randomly drawn from a uniform distribution between
1 and 4. For Example 4 and 5, the switching vector was randomly generated. In Example 4, an addi-
tional check ensured that at least two parameters switched. The transition matrices were constructed
such that the probability of remaining in the same state ranged between 90% and 99.5%. Intercepts

were drawn from a normal distribution with g = 0 and 6> = 25. AR coefficients were constructed

—1 1

such that ¢, were sampled from uniform distributions over (m, o

), and the error term standard

deviation was drawn from a uniform distribution over (0.5,3). For each case where either MSARM
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or MSwM failed (defined as a misclassification rate above 25% or an APaEE above 0.5), we addi-
tionally applied a Ljung-Box test at the 5% level to assess whether the generated time series exhibited
statistically significant autocorrelation. The following graphic and tables summarize the results for
Examples 0O to 5. In the graphic, the blue areas highlight cases where MSARM outperformed MSwM
(lower MCR). The tables indicate whether MSARM or MSwM failed and whether the Ljung-Box test
rejected the white noise hypothesis. Throughout the discussion, we state that it "would have been
better to choose package Y instead of package X whenever one package delivered a valid estimation

while the other did not.

Example 0: For Example 0 we find that both MSARM and MSwM perform relatively similar,
whereby MSARM performs slightly better, as there are 14 cases where MSARM fails to fulfill the
quality criteria set by us, while MSwM fails 20 times to fulfill our criteria. Out of the 14 times
MSARM failed, 11 times MSwM failed too. Therefore out of 48 randomly generated processes only
3 times it would have been better to use MSwM instead of MSARM (with standard settings), but it
would have been in 9 cases better to use MSARM instead of MSwM. Therefore, one obtains a ratio
of 3:1 in favor of MSARM. This is also reflected in Figure 16, where it becomes clear, that MSARM
slightly tends to outperform MSwM.

400,
350
300
250
Observations
200

150

100

Process

Figure 16: Example 0: 48 Random Processes

50 100 150 200 250 300 350 400
Process 1 MSwM MSARM NA NA MSARM MSwM NA NA
(TRUE) (FALSE) NA NA (TRUE) (TRUE) NA NA
Process 2 NA NA NA NA NA NA NA Both
NA NA NA NA NA NA NA (TRUE)
Process 3 Both NA MSwM  Both NA MSwM MSwM MSwM
(TRUE) NA (TRUE) (TRUE) NA (TRUE) (TRUE) (TRUE)
Both Both NA NA NA NA NA Both
Process 4

(TRUE) (FALSE) NA NA NA NA NA  (TRUE)
Process 5 MSARM  Both  MSwM  NA Both Both  Both  Both
(TRUE) (FALSE) (TRUE) NA (TRUE) (TRUE) (FALSE) (TRUE)
MSwWM  NA NA NA NA  MSwM NA NA

Process 6 (TRUE)  NA NA NA NA (TRUE) NA NA

Table 19: Example 0: Package Failure and Ljung-Box Test Results
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Example 1: For Example 1 we find that MSARM tends to outperform MSwM. There are 18 cases
where MSARM fails and 25 cases where MSwM fails. Out of the 18 cases where MSARM failed,
MSwM failed in 17 cases too. Thus, there was only 1 case were one would have been better off
choosing MSwM instead of MSARM (with standard settings). Meanwhile, there were 8 cases where
one would have been better off choosing MSARM instead of MSwM. Therefore, one obtains a ratio
of 8:1 in favor of MSARM, which is clearly reflected in Figure 17. Additionally, it should be noted
that in the single case where it would have been better to choose MSwM over MSARM, it was not
possible to reject the hypothesis that the underlying process is white noise, indicating a rather difficult
estimation setup.

400,

350 h

300,

250
Observations
200
150

100

Process

Figure 17: Example 1: 48 Random Processes

50 100 150 200 250 300 350 400

NA NA NA  Both Both MSwM NA NA

NA NA NA (TRUE) (TRUE) (TRUE) NA NA

Processy  Both NA MSwM Both  NA NA Both  Both
(TRUE) NA (FALSE) (TRUE) NA NA  (FALSE) (TRUE)

MSARM Both  Both MSwM NA MSwM NA  Both

Process 1

Process3  pALSE) (TRUE) (TRUE) (TRUE) NA (TRUE) NA  (TRUE)
Process4 Boh  Boh  NA NA  Both  NA NA  Both
(TRUE) (TRUE) NA NA (TRUE) NA NA  (TRUE)
Processs NA MSwM MSwM  NA  NA NA Both  Both
NA (TRUE) (TRUE) NA  NA NA  (TRUE) (TRUE)
Both  NA NA NA  Both MSwM NA  MSwM
Process 6

(FALSE) NA NA NA (TRUE) (FALSE) NA (TRUE)

Table 20: Example 1: Package Failure and Ljung-Box Test Results

Example 2: For Example 2 we find an even extremer case of MSARM outperforming MSwM.
Out of the 48 processes, there were only 2 cases where MSwM managed to estimate the underlying
process reasonably well. There was only 1 case where it would have been better to choose MSwM
over MSARM, while in 25 cases it would have been better to choose MSARM over MSwM, a ratio
of 25:1 in favor of MSARM. Furthermore, it should be noted that again, the only case where MSwM
would have been superior to MSARM was for a time series where the hypothesis that the underlying

process is just white noise was not rejected.
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Figure 18: Example 2: 48 Random Processes

50 100 150 200 250 300 350 400

MSwM MSwM Both MSwM Both MSwM MSwM Both
(TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE)
Both Both MSwM MSwM MSwM MSwM MSwM Both
(TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE)
Both MSwM MSwM  Both Both Both Both MSwM
(FALSE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE)
NA Both Both Both Both MSwM Both MSwM
NA (TRUE) (TRUE) (TRUE) (FALSE) (TRUE) (TRUE) (TRUE)
MSwM Both Both MSwM MSwM MSwM MSwM Both
(TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE)
Both  MSARM MSwM Both MSwM MSwM MSwM MSwM
(TRUE) (FALSE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE)

Process 1

Process 2

Process 3

Process 4

Process 5

Process 6

Table 21: Example 2: Package Failure and Ljung-Box Test Results

Example 3: Example 3 again shows that MSARM tends to perform better than MSwM, especially
regarding more general setups. This is the first example were the error term variance is allowed to
switch and it turns out that there was not a single case, where it would have been better to use MSwM
instead of MSARM. Additionally one should note that there were 12 cases where MSwM failed to

meet our criteria, while MSARM was capable of doing so.

350

300

|
250

Observations
200

Process

Figure 19: Example 3: 48 Random Processes
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50 100 150 200 250 300 350 400
Process 1 Both Both MSwM NA NA MSwM MSwM MSwM
(TRUE) (TRUE) (TRUE) NA NA (TRUE) (TRUE) (TRUE)

Process 2 NA NA NA NA NA NA NA Both
NA NA NA NA NA NA NA (TRUE)

Process 3 Both MSwM NA NA NA Both NA NA
(TRUE) (TRUE) NA NA NA (TRUE) NA NA

Process 4 Both Both MSwM MSwM MSwM NA NA Both
(TRUE) (FALSE) (TRUE) (TRUE) (TRUE) NA NA (TRUE)
Process 5 NA Both NA MSwM NA Both Both MSwM
NA (TRUE) NA (TRUE) NA (TRUE) (FALSE) (TRUE)
Process 6 NA Both NA NA NA NA MSwM MSwM
NA (FALSE) NA NA NA NA (TRUE) (TRUE)

Table 22: Example 3: Package Failure and Ljung-Box Test Results

Example 4: For Example 4 we find similar results, again MSARM tends to perform better than
MSwM, there is only 1 case where MSARM did not meet the quality criteria while MSwM did.
Meanwhile, there are 10 cases where it would have been better to utilize MSARM instead of MSwM,
leading to a ratio of 10:1 in favor of MSARM.

400

350

300

250

Obgervations

Process

Figure 20: Example 4: 48 Random Processes

50 100 150 200 250 300 350 400

Process 1 NA MSwM  Both NA MSwM Both MSwM NA
NA (TRUE) (TRUE) NA (TRUE) (TRUE) (TRUE) NA

Process 2 Both Both Both NA NA Both NA Both
(TRUE) (TRUE) (TRUE) NA NA (TRUE) NA (TRUE)

Process 3 Both Both MSwM  NA Both NA NA NA
(FALSE) (TRUE) (TRUE) NA (TRUE) NA NA NA
Process 4 Both NA Both MSwM  Both Both MSwM MSwM
(FALSE) NA (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE)

Process 5 Both NA MSwM Both Both MSwM  Both Both
(TRUE) NA (TRUE) (TRUE) (TRUE) (TRUE) (TRUE) (TRUE)

Process 6 Both Both MSwM Both Both MSARM NA Both
(TRUE) (TRUE) (TRUE) (TRUE) (FALSE) (TRUE) NA (TRUE)

Table 23: Example 4: Estimation Results and Ljung-Box Test Outcomes

Example 5: Last, but not least we find for Example 5 similar results to the previous Examples. We

have 1 case, were MSARM did not reach our quality criteria, while MSwM did, but there were 6 cases
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were MSwM failed to meet the criteria, while MSARM did. Therefore, we get a ratio of 6:1, in favor
of MSARM.

408
350
200
250

Observations
200

Process

Figure 21: Example 5: 48 Random Processes

50 100 150 200 250 300 350 400

Process 1 Both Both NA NA NA NA NA Both
(TRUE) (TRUE) NA NA NA NA NA (TRUE)

Process 2 Both MSARM Both Both Both NA NA Both
(TRUE) (TRUE) (TRUE) (TRUE) (TRUE) NA NA (TRUE)

Process 3 Both MSwM  Both NA Both Both MSwM NA

(FALSE) (TRUE) (TRUE) NA (TRUE) (TRUE) (TRUE) NA
Bothn  MSwM Both Both  NA NA NA  Both

Processd (TRUE) (TRUE) (TRUE) (TRUE) NA NA  NA (TRUE)
Process 5 Both NA  MSwM Both Both Both NA Both

(TRUE) NA  (TRUE) (TRUE) (TRUE) (TRUE) NA (TRUE)
Process 6 Both  MSwM  Both NA Both NA MSwM Both

(TRUE) (TRUE) (TRUE) NA (TRUE) NA (TRUE) (TRUE)

Table 24: Example 5: Estimation Results and Ljung-Box Test Outcomes
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